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In traditional studies of graph theory, the graphs allow only one edge to be incident to any
two vertices, not necessarily distinct, and the graph morphisms must map edges to edges and
vertices to vertices while preserving incidence. We refer to these restricted morphisms as strict
morphisms. We relax the conditions on the graphs by allowing any number of edges to be
incident to any two vertices, as well as relaxing the condition on graph morphisms by allowing
edges to be mapped to vertices, provided that incidence is still preserved. We call the broader
category of these graphs and these morphisms the Category of Conceptual Graphs and Graph
Morphisms, denoted Grphs. We then define four other concrete categories of graphs created
by combinations of restrictions of the graph morphisms as well as restrictions on the allowed
graphs.

We determine the categorial structure of these six categories of graphs by characterizing
common categorially defined structures and properties and by characterizing six special types
of monomorphisms, and dually six special types of epimorphisms. We also establish the Fun-
damental Morphism Theorem in two of the categories of graphs.

We then provide an Elementary Theory for five categories of graphs, producing a list of first-
order axioms that, when taken with the higher-order axiom of the existence of small products
and coproducts, characterizes these five categories of graphs. We also provide a result toward
Hedetniemi’s conjecture that arose from the study of the categories of graphs.
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Chapter 1

Introduction - Concrete Categories
of Graphs and Their Elementary

Theories

Often the study of morphisms of any mathematical object starts with the study of automor-
phisms. In graph theory, this study produced representation theorems for groups as auto-
morphism groups of graphs. The study of automorphisms also produced characterizations of
graphs (e.g. vertex-transitive graphs and distance-transitive graphs). More recently, finding
restrictions of the automorphism set for the graph by considering automorphisms that fix
vertex colors or by considering automorphisms that fix certain sets of vertices produced useful
new graph parameters (the distinguishing number [2] and fixing number [10] for a graph).
The study of morphisms then delves into the study of endomorphisms and finally homomor-
phisms. In graph theory, a certain class of graph homomorphisms generalizes vertex-coloring,
and is now being widely studied. In 2004, a textbook was published about these graph ho-

momorphisms [14].
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The most common category considered in (undirected) graph theory is a category where
graphs are defined as having at most one edge incident to any two vertices and at most one
loop incident to any vertex. We will refer to these graphs as simple graphs. The morphisms
are usually described as a pair of functions between the vertex sets and edge sets that respect
edge incidence. We refer to these restricted morphisms as strict morphisms. We call this
category the Category of Simple Graphs with Strict Morphisms, denoted SiStGrphs.

We will relax the conditions on the graphs by allowing any number of edges to be incident
to any two vertices (referred to as conceptual graphs), as well as relaxing the condition on
graph morphisms by allowing edges to be mapped to vertices, provided that incidence is still
preserved. We call the broader category of these graphs and these morphisms the Category
of Conceptual Graphs with Graph Morphisms, denoted Grphs.

We also consider the restriction on a graph where no edge is allowed to be incident to a
single vertex, called loopless. Using the restrictions of strict, simple, and loopless, we define

four more categories of graphs (for details see Section 2.2).

Category Full Category Name
Grphs The Category of Conceptual Graphs with Graph Morphisms
SiGrphs The Category of Simple Graphs with Graph Morphisms

SiL1Grphs The Category of Simple Loopless Graphs with Graph Morphisms
StGrphs The Category of Conceptual Graphs with Strict Morphisms

SiStGrphs The Category of Simple Graphs with Strict Morphisms

SiLIStGrphs | The Category of Simple Loopless Graphs with Strict Morphisms

We provide an inclusion diagram of these six categories of graphs, with a seventh category of
graphs, Sets (The Category of Sets and Functions), considered as a graph category consisting
of “empty edge graphs” (Figure 1.1). We note that these categories are concrete: the objects
are sets with structure and the morphisms are structure preserving functions (see Definition

2.2.1).



CHAPTER 1. CATEGORIES OF GRAPHS AND ELEMENTARY THEORIES 3

G=Grphs

/N

SiG StG

I

*S‘fL IG SfSl G

N\ ./

SiLIStG

!

Sety

Figure 1.1: An inclusion diagram of the Categories of Graphs

In Section 2.3, we investigate these six concrete categories of graphs and determine the cat-
egorial structure by finding the concrete existence of abstractly defined categorial structures
and properties or finding counterexamples to their existence (throughout we use the term
categorial instead of categorical as categorical is used in model theory to denote a theory with
a unique model up to isomorphism, see [11]).

In Subsections 2.3.1 and 2.3.2 we survey the known results about Topos-type constructions
(limits, colimits, exponentiation with evaluation, and subobject classifier) and Set-type con-
structions and properties (natural number object, the axiom of choice, and the number of
values in the subobject classifier) and characterize these constructions and properties in the
six concrete categories of graphs. Then, in Subsection 2.3.3, we characterize epimorphisms
and monomorphisms, noting a difference between surjection and epimorphism in SiL1Grphs,
SiStGrphs, and SiLIStGrphs (see Proposition 2.3.14). Last, in Subsection 2.3.4, 2.3.5,
and 2.3.6, we characterize free objects, projective objects, generators, and their duals. These
characterizations emphasize the variety of categorial structure in the six concrete categories

of graphs. We finish Chapter 2 by investigating adjoint functor relationships between the six
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categories of graphs where we characterize all adjoints to the inclusion functors (see Proposi-
tion 2.4.6).

In Chapter 3, we consider the structure of morphisms in the six categories. We find that
the (Strong) Fundamental Morphism Theorem, a generalization of the Noether Isomorphism
Theorems from Abstract Algebra, holds in Grphs and StGrphs (see Theorem 3.2.3), but
fails to hold in the other four categories of graphs (see the counterexample in Section 3.3,
Figure 3.1).

In Chapter 3 we also characterize the relationships between six special types of monomor-
phisms (split equalizer, coretract, effective monomorphism, regular monomorphism, and ex-
tremal monomorphism) and, dually, six special types of epimorphisms (split coequalizer, re-
tract, effective epimorphism, regular epimorphism, and extremal epimorphism) in Theorem
3.6.1 and Theorem 3.6.2 for Grphs, StGrphs, and SiGrphs, Theorem 3.7.4 and Theorem
3.7.5 for SiL1Grphs and SiStGrphs, and Theorem 3.8.4 and Theorem 3.8.5 for SiLlSt-
Grphs.

One asks when given a familiar system of sets with structure and their structure preserving
functions if there is an axiomatic system that defines this system. In the main result of thesis,
provided in Chapter 4, we answer this question for the categories of graphs giving a charac-
terization of five categories of graphs and their morphisms. We follow the lead and spirit of
Lawvere’s groundbreaking categorial characterization of the Category of Sets and Functions
[16] and Schlomiuk’s characterization of the Category of Topological Spaces and Continuous
Functions [23].

In both characterizations of the Category of Sets and Functions and the Category of Topo-
logical Spaces and Continuous Functions, a list of elementary (or first order) axioms are
provided so that when combined with a second order axiom (there exist “small” products
and coproducts) a functor equivalence between the axiomatically defined category and the
concrete category is formed. We provide such an elementary theory for Grphs, SiGrphs,
SiL1Grphs, StGrphs, and SiStGrphs.

In D. Schlomiuk’s Elementary Theory for the Category of Topological Spaces and Contin-
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uous Functions, there are three steps in the axiomatization. The first step is to axiomatize a
full subcategory of sets (called “discrete spaces”) that satisfies Lawvere’s Elementary Theory
of the Category of Sets and Functions. This step ends with a theorem schema that states
that any theorem valid in Lawvere’s Elementary Theory of the Category of Sets and Func-
tions holds for discrete spaces. The second step is to provide axioms that find the topological
structure of objects in the category. The final step is to provide axioms that ensure there is
“enough” structure, in the sense that any topological space is represented unto isomorphism.

We follow this method while giving a “simultaneous” axiomatization of the five categories.
We give twelve common axioms to all five categories which compose the first two steps of D.
Schlomiuk’s method. We then add two to four distinguishing axioms in the third step of D.
Schlomiuk’s method to distinguish one of the five categories.

The culmination of the elementary theory is provided by a metatheorem for each category,
creating a functor equivalence between the concrete category and the axiomatically described
category which equates the categorial theory of the concrete category (over von Neumann-
Bernays-Godel set theory) with the theory of the axiomatically described category (which is
still over von Neumann-Bernays-Goddel set theory, but could be considered over F.W. Law-
vere’s Theory of Abstract Categories [17]). This is accomplished for Grphs by Metatheorem
2, for SiGrphs by Metatheorem 4, for SiLIGrphs by Metatheorem 6, for StGrphs by
Metatheorem 8, and for SiStGrphs by Metatheorem 10.

In Chapter 5 we turn to applications of the study of the categories of graphs. We prove a
new special case of a graph coloring conjecture due to Hedetniemi in 1966 [13] using a new
approach that was found in studying pullbacks. Hedetniemi conjectured that for graphs with
finite chromatic number, the chromatic number of the product of the two graphs is equal to
the minimum chromatic number of the factors. In Theorem 5.1.5, we establish this to be true
if either graph contains a complete subgraph on a number of vertices equal to that minimum
chromatic number of the two factors.

We note that if a result is not cited in the statement of the result or in the paragraph

directly preceding the result, the result is new.



Chapter 2

The Concrete Categories of Graphs

2.1 Conceptual Graphs and Their Morphisms

In our graphs, we want to start out with as great a generality as possible and add restrictions
later. This means we want to allow graphs to have multiple edges between any two vertices
and multiple loops at any vertex. We will define our graphs in the style of Bondy and Murty
[4], namely, graphs are sets of two kinds of parts: “edges” and “vertices” together with an
“incidence” function. We call our graphs conceptual graphs in the sense of F.W. Lawvere’s

Conceptual Mathematics [18].

Definition 2.1.1. A conceptual graph G consists of

G = (P(G),V(G);0q : P(G) = V(G)xV(G),.q : V(G) = P(G)) where P(G) is the set
of parts of G, V(QG) is the set of vertices of G, V(G)xV(QG) is the set of unordered pairs of
vertices of G, Oqg 1is the incidence map from the set of parts to the unordered pairs of vertices,
Li is the inclusion map of the vertex set into the part set, and for A : V(G) = V(G)xV(G),

the unordered diagonal map, Ogig = A.
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V(G)x V(G)
Figure 2.1: Incidence Mappings for Vertices

We define the set of edges of a graph, G, to be E(G) = P(G)\tg(V(G)). Henceforth, we will
frequently abbreviate conceptual graph to graph. Furthermore, in our study here, we have no
need to restrict our edge sets and vertex sets of our graphs to be finite sets.

In [4] a graph does not have the inclusion map, ¢, but such a map will be critical when
defining a graph homomorphism. In this way, we can think of the vertex “part” of the graph
and the edge “part” of the graph in the same “part” set. We do allow G = (), i.e. P(G) = 0,
the empty graph, to be considered a graph. However, since Jg is required to be a function,
if V(G) = 0 then P(G) = 0. We also allow V(G) # 0 and E(G) = 0 (“no edges”), i.e.
P(G) =V(Q).

We now note the following. First, we naturally use the topologist’s “boundary” symbol
for incidence. Second, an unordered pair in V(G)xV(G) is denoted u_v or (u_v), for vertices
u,v € V(G). Thus the natural unordered diagonal map A : V(G) — V(G)xV(G) is given
by A(v) = vv or (v_v). Finally, we have chosen to consider our vertex set and edge set to
be combined into a “part” set. Thus as an abstract data structure our graphs are a pair of
sets: a set of parts with a distinguished subset called “vertices”. This is done to make the
description of morphisms more natural, i.e. functions between the “over” sets (of parts) that
takes the distinguished subset to the other distinguished subset. This is what topologists do
in the Category of Topological Pairs of Spaces: for example, an object (X, A) is a topological
space X with a subspace A and a morphism f : (X, A) — (Y, B) is a continuous function from
the topological space X to the topological space Y with f[A] C f[B].

We now define our morphisms for conceptual graphs.
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Definition 2.1.2. f : G — H is a graph (homo)morphism of conceptual graphs from G to
H if f is a function fp : P(G) — P(H) and fv = fply(q) : V(G) — V(H) that preserves
incidence, i.e. Og(fp(e)) = (fv(x)_fv(y)) whenever dg(e) = (xy), for alle € P(G) and some

x,y € V(Q), or in terms of function composition, fpic = g fv and O fp = (fuxfv)oq.

(e — —> P(H)
V(G) L v =|™
Q(;\‘ 4 - =\é:

fvxfv

V(G)XV(G) —=———V(H)xV(H)
Figure 2.2: The Graph Morphism

This definition allows a graph homomorphism to map an edge to a vertex as long as the
incidence of the edges are preserved. As an edge, e € E(G), can be mapped to the part set
of the co-domain graph, H, so that it is the image of a vertex, i.e. f(e) = tgy(v) for some
veV(H).

We will now define some specialized classes of graphs and a specialized graph morphism.
Our first restriction is a common restriction in graph theory. The set of graphs is restricted
to allow only one edge between any two vertices (see [14]), and at most one edge between a
vertex and itself (a loop). We call these graphs simple graphs and define them in terms of

conceptual graphs.

Definition 2.1.3. A simple graph G is a conceptual graph such that for all u,v € V(G) with
u # v, there is at most one e € P(G) such that 0g(e) = (u_v), and for all w € V(G) there
is at most one f € E(G) = P(G)\tg(V(G)) such that 0c(f) = (w-w) (where (u_v) is the

unordered pair of vertices u and v).

Another common restriction is to not allow loops at all. This restriction is often required

when discussing vertex coloring. We call these graphs loopless graphs.
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Definition 2.1.4. A loopless graph G is a conceptual graph such that for all vertices u € V(G)
there is no edge e € E(G) = P(G)\tq(V(G)) such that 0g(e) = (u-u).

Thus, a graph is simple and loopless if and only if the incidence map is injective.

This is not the usual notion of a “simple” graph often common in graph theory; that
notion is the simple and loopless graph by our definition. This is a departure from standard
nomenclature, but it fits our categorial discussion better.

We now define the most common notion for a graph morphism in literature, we call it a
strict morphism because it always takes an edge part to a strict edge part (and not just a
part, e.g. a vertex). The following definition is a modified form of the definition presented in

[14] to apply to conceptual graphs.

Definition 2.1.5. Let G and H be conceptual graphs. A strict graph homomorphism (or
strict morphism) f : G — H is a graph morphism such that the strict edge condition holds:
for all edges e € E(G), fp(e) € E(H), i.e. the image under the strict morphism f of an edge

s again an edge.

The condition, 9 (fr(e)) = (fv(z)-fv(y)) whenever dg(e) = (z_y), assures that the inci-
dence of the edges in G is preserved in H under f. Note that the above definition also requires
that vertices be mapped to vertices and edges be mapped (strictly) to edges. However, some-
times it may be beneficial to allow edges to be mapped to vertices. Such a morphism would
allow a graph to naturally map to the contraction or quotient graph obtained by the contrac-
tion of an edge, but this could not be a strict morphism.

We also note that for our figures with graphs, we provide “pictures” (with picture frames)
for the graphs. This helps to distinguish the graphs from the morphisms, especially in the
case of graphs with multiple components. It also emphasizes that we are often choosing repre-
sentative graphs from an isomorphism class of graphs. Now that we have defined our graphs

and graph homomorphisms, we are ready to discuss the various Categories of Graphs.
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2.2 The Categories of Graphs

Definition 2.2.1. [19] C is a concrete category if there exists a faithful functor

| — | :C~—Sets.

We will now define six concrete categories of graphs using the various restrictions of the
previous section. We do not include all combinations of restrictions, but instead focus on the

combinations of restrictions often seen in literature.

Definition 2.2.2. The Category of Conceptual Graphs and Graph Morphisms, Grphs, is
a (concrete) category where the objects are conceptual graphs and the morphisms are graph

morphisms.

Keith Kim Williams [27] proved that the axioms of a category are satisfied by this definition.

Proposition 2.2.3. [27] Grphs is a category.

This category, Grphs, we will think of as the big “mother” category of graphs. We now

define five other commonly studied concrete subcategories of Grphs.

Definition 2.2.4. The Category of Simple Graphs with Graph Morphisms, SiGrphs, is the
(concrete) category where the objects are simple graphs, and the morphisms are conceptual

graph morphisms.

Definition 2.2.5. The Category of Simple Loopless Graphs with Graph Morphisms, SiLl-
Grphs, is the (concrete) category where the objects are simple graphs without loops, and the

morphisms are conceptual graph morphisms.

Definition 2.2.6. The Category of Conceptual Graphs with Strict Morphisms, StGrphs, is
the (concrete) category where the objects are conceptual graphs, and the morphisms are strict

graph morphisms.
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Definition 2.2.7. The Category of Simple Graphs with Strict Morphisms, SiStGrphs, is
the (concrete) category where the objects are simple graphs and the morphisms are strict graph

morphisms.

This last category we defined is most often referred to as the “category of graphs” and is the
main category of graphs discussed in [8,14], namely, graphs with at most one edge between
vertices, at most one loop at a vertex, and all the morphisms are strict (i.e. take and edge or

loop strictly to an edge or loop).

Definition 2.2.8. The Category of Simple Loopless Graphs with Strict Morphisms, SiLIlSt-
Grphs, is the (concrete) category where the objects are simple graphs without loops, and the

morphisms are strict graph morphisms.

As the composition of strict morphisms are strict morphisms, and the identity morphism
is a strict morphism, these are in fact categories. We now have a containment picture of
our six different (concrete) categories of graphs (Figure 2.3), with our mother category at
the top. At the bottom, we have also included as another graph category the category of
sets (and functions), where a set is considered as a graph with no edges (i.e. for a set X,
V(X)=P(X)=X,0x =Ax, and tx = 1x) and any function is a (strict) morphism of such

graphs.

2.3 Constructions in the Concrete Categories of Graphs

In an abstract category there are objects and morphisms but nothing is known about the
internal structure of the objects or the morphisms. Often in an abstract category objects are
thought of as “dots” and morphisms as “arrows” between the dots. This is done to emphasize
that in an arbitrary abstract category nothing is known about the structure or properties of

the objects and morphisms other than the information you can get by looking at the dots
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Figure 2.3: The Categories of Graphs

and arrows. Properties in an abstract category can be stated only in terms of objects and
morphisms.
In this section, we will investigate common categorial constructions that will help define the

properties of the six categories of graphs.

2.3.1 Topos-type Constructions
We first consider the constructions that define a topos.

e (T1) Limits (and Colimits).
e (T2) Exponentiation with Evaluation.

e (T3) A subobject classifier.

Each of these categorial properties are defined abstractly [11]. That is to say, in the definitions

only objects and morphisms will be used, not the structure of the objects.
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We start with Grphs. It has already been shown that Grphs contains the constructions
for (T1) [27] and (T3) [21], and that Grphs fails to have the (T2) construction [5]. We
will provide the constructions for (T1) and (T3) for completeness and provide an alternate
proof for the failure of the existence of (T2) that has a combinatorial flavor, shows that an
exponentiation object can exist, and shows exponentiation with evaluation fails due to an
evaluation morphism that fails to satisfy the universal mapping property (as opposed to [5]

who show the failure of a necessary adjoint relationship).

Proposition 2.3.1. Grphs contains the constructions (T1) and (T3) [21], but fails to have

the construction (T2) [5].

Proof. Construction (T1) (“limits”) exists in Grphs: It is sufficient to show the exis-
tence of all limits by providing the constructions of a terminal object, products, equalizers,
and their duals [19]. It is easily shown that the one vertex graph K; (the classical “complete
graph on one vertex”) is the terminal object, which we will denote 1, and the empty vertex
set (and edge set) graph () is the initial object, which we will denote 0.

For products, given two graphs A and B in Grphs, the product, A x B, is defined by
V(A x B) = V(A) x V(B) and for e € P(A) with da(e) = (ai-a2) and f € P(B) with
Op(f) = (b1_b2) there is an element (e, f) in P(A x B) with daxp((e, f)) = ((a1,b1)-(az,b2))

and if a1 # ag and by # bg, there is another element (e, f) € P(A x B) with daxgs((e, f)) =
((a1,b2)_(az,b1)) that has the same projections as (e, f).

The coproduct of two graphs in Grphs is the disjoint union of the two graphs, and the
equalizer, ¢ = eq(f,g), of two morphism f,g: A — B is the inclusion of the subgraph Eq of
A defined by P(Eq) = {a € P(A)|f(a) = g(a) and if d4(a) = (aj-a2) then f(a1) = g(a1) and
flaz) = g(a2)}, V(Eq) = {a € V(A)|fv(a) = gv(a)}, tEq = talv(rq), and Ogg = Oa|p(rg)-

Given two morphisms f, g : A — B. The coequalizer, coeq(f, g), of two morphism f,g: A —
B is the natural quotient morphism from B to C'oeq defined by P(Coeq) = P(B)/ ~ where ~

is the equivalence relation defined by a ~ b if there is a sequence ag, a1, ...,a, € P(A) such

that a = f(ao), g(a) = f(ar), g(ar) = f(az), ... glan1) = f(an) and b= f(as) or b= gla,).
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Figure 2.4: An example of the product in Grphs with pictures.

Construction (T2) (“exponentiation with evaluation”) fails to exist in Grphs:
By way of contradiction let us suppose that categorial exponentiation with evaluation (by
the universal mapping property of exponentiation with evaluation) exists in Grphs. Then
Grphs has a terminal object, products and exponentiation with evaluation. Hence there is an
adjoint functor relationship homgrphs(X x A, B) and homgrphs(X, BA) for all graphs A, B
and X. Hence there is a bijection between the set of morphisms X x A — B and the set of
morphisms X — B4,

We construct the counterexample to the existence of exponentiation and evaluation in
Grphs in two steps. First, we use the adjoint functor relationship to completely deter-
mine (by a “brute force” count) the vertices, edges, and incidence of B4 as a graph where
B=K f , the graph with a single vertex with a loop on the vertex, and A = K, the classical
“complete graph on two vertices”. Second, we show that for all morphisms B4 x A — B that
satisfy the commuting morphism equations of the evaluation universal mapping property fails
to have the uniqueness requirement for the universal mapping property for exponentiation
with evaluation.

To begin, we will use the above mentioned adjoint bijection, but for various choices of “test”
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objects X. First, for X = 1 = terminal object = a single vertex graph, X x A = A.

Any morphism from X x A to B must send both vertices to the single vertex in B, the edge
may be sent to either the loop or to the vertex. So there are two maps here. Therefore, there
must be two morphisms from 1 to B4. Since 1 is just a single vertex, B4 must have exactly
two vertices.

Second, suppose X = Kf is a vertex with a single loop. Then X x A is a graph on two
vertices, with a loop at each vertex, and two edges incident to the two distinct vertices.

Again, both the vertices of X x A must be sent to the single vertex of B. Now there are four
edges in X x A, each edge maybe sent to either the loop or to the vertex (independent of where
the other edges are sent). So by the multiplication principle there are 2* = 16 morphisms
here. Therefore there must be exactly 16 morphisms from X to BA. There are exactly two
morphisms which send both the edge and the vertex of X to a single vertex (since we have
already determined that there are only two vertices in BA). Which leaves 14 more morphisms
to account for. Since the vertex of X must be sent to a vertex, and the loop must be either
sent to a loop or a vertex, we conclude that there are 14 loops distributed between the two
vertices (we do not know how they are divided between the two, but we know that there are
14 of them).

Third, suppose X = K> is two vertices with a non-loop edge between them. Then X x A &
K,

Again, all four vertices of X x A must be sent to the single vertex of B. The six edges of
X x A can be sent to either the loop or to the vertex (independent of where the other ones
are sent). So by the multiplication principle there are 26 = 64 morphisms here.

Therefore there must be 64 morphisms from X to BA. X has only one edge, it can either be
sent to a vertex, a loop, or a non-loop edge. There are two ways to send the edge to a vertex
(and this will force both its vertices to be sent to this vertex to preserve incidence). Since
there are 14 loops, there are 14 ways to send the edge to a loop (and since incidence must be
preserved both the vertices of X must be sent to the vertex incident on this loop, it is worth

noting that we still don’t know where these 14 loops are, but it doesn’t matter counting these
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morphisms). Which leaves us with 48 morphisms to account for, which must send the edge of
X to a non-loop edge of BA. There are only two vertices in B4 so there is only place to send
a non-loop edge. Also, each non-loop edge in B4 will give us two morphisms from X to that
edge (once you decide which of the vertices to send one vertex of X to, the edge must be sent
to the edge and the other vertex of X to the other vertex of B4). Therefore there must be
precisely 24 non-loop edges connecting the two vertices of BA. We still do not know where
the 14 loops are in B4 but we have a pretty good idea of what it must look like.

Now we will test what B4 must be by testing with one more X to determine the placement
of the loops. So for the fourth test choice of X, suppose X is two vertices with one loop and

one non-loop edge.

XxA
I .l r A
o 4
v A
X

Figure 2.5: A picture of X x A, for the fourth test choice of X.

Again, all four vertices of X X A must be sent to the single vertex in A, and each of the 9
edges can either be sent to the loop or to the vertex (independent of where the other edges
g0). So there are 27 = 512 morphisms here.

Now we will count the number of morphisms X — B# by considering the following six
mutually exclusive types of morphisms whose union are all the morphisms: everything in X
can be sent to a single vertex, everything in X but the loop can be sent to a vertex with the
loop to a loop, the non-loop edge can be sent to a loop with everything else sent to a vertex,
the non-loop edge can be sent to a non-loop edge with the loop sent to a vertex, the loop can
be sent to a loop and the non-loop edge sent to a non-loop edge, or both the loop and the

non-loop edge can be sent to loops.
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There are two ways to send everything in X to a vertex since B4 only has two vertices (this
was the first X we tested against). There are 14 ways to send the loop of X to a loop and
everything else to a vertex since B4 has 14 loops (this was the second X we tested against).
Likewise there are 14 ways to send the non-loop edge to a loop with everything else going to
the incident vertex. As discussed before, there are 48 ways to send the non-loop edge to a
non-loop edge and the loop to a vertex (this was the third X we tested against).

Now we will count the number of ways to send the loop of X to a loop in B# and the
non-loop edge of X to a non-loop edge of BA. There are 14 choices of where to send the
loop, and this choice determines where vertex incident on the loop is sent. After this choice
is made, there will be 24 non-loop edges in B to send the non-loop edge of X to (note again
that we don’t know which vertex the loops are on, but it does not effect our count of this
type of morphism). So by the multiplication principle there are 14 x 24 = 336 of this type of
morphism.

We have now accounted for 2+ 14+14+484336 = 414 morphisms, which leaves 512—414 =
98 morphisms to account for. The only other type of morphism is one which sends both the
loop and the non-loop edge of X to loops in B4. Suppose there are m loops on one vertex of
B4 and n loops on the other. Then there is m? + n? = 98 morphisms which send both edges
of X to a loop, and m 4+ n = 14. Solving this system of equations yields the unique solution
of m =7 and n = 7. Hence the 14 loops are distributed evenly between the two vertices of
BA.

So we now have a complete description of what we will call the “exponential object” B4,
for the given A and given B. (This assumed that categorial exponentiation with evaluation
exists).

We've determined that B4 is a graph with two vertices (which we will label u and v) 24
non-loop edges (which we will label e; for ¢ = 1,...,24), and 7 loops on each vertex (which
we will label uy; and vy, for j =1,..., 7). It will also help us to label the graphs A and B.
Label the vertices of A = K5 as a1 and ae, and the edge as e,. Label the vertex of B by b

and the loop by .
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Figure 2.6: Pictures of the graphs for the counterexample to categorial “exponentiation with
evaluation” in Grphs.

But even though this exponential object exists, we have yet to show that its evaluation
satisfies the uniqueness feature of the universal mapping property for exponentiation with
evaluation. So we investigate evaluation by again using test objects in the universal mapping
property for exponentiation with evaluation, which states that there exists ev : B4 x A — B
such that for all X and g : X — B, there is a unique g : X — B4 such that g = ev(g x 1,).

For the first choice of test objects, let X be the single vertex graph Kj (which we have
denoted 1) with vertex z. Then as X (= 1) is the terminal object, X x A = A. Thus there
are two morphisms from X x A to B. Let g1 : X x A — B be the morphism which maps all
of P(X x A) to the vertex b of B, and let g2 : X x A — B by the morphism that maps the
edge of X x A to the loop ¢ of B.

Consider g1, by the universal mapping property there is a unique g : X — B* such that
ev(g x 14) = g. There are two morphisms from X to B4, g(z) = v or g(z) = v. If §(z) = u,
then ev(g x 14((z,e4))) = ev((u,eq)) = g(x) = b. If g(x) = v, then ev(g x 14((z,e4))) =
ev((v,eq)) = g(z) = b.

As 7 is unique, only one of the two above possibilities holds. Since there is an automorphism
of B4 x A that exchanges (u, e,) and (v, e,) (exchange all labels of u and v and swap (e;, eq)
with (e;, eq)), without loss of generality we can choose ev((v,e,)) = b. Then as g is unique,
ev((v,eq)) # ev((u,eq)). Hence ev((u,eq)) = p.

For the second choice of test objects, test with X = A(= K3) to achieve a contradiction.
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We claim that g((a1,e,)) = b if and only if g(a1) = v and g((a1,e,)) = & if and only if
g(a1) = u. For, since ev((v,e,)) = b and ev((u, eq)) = by, g((a1,eq)) = ev(g x 1a((a1,e.))) =
ev((g(a1),eq)). Hence g((a1,e,)) = b if and only if g(a1) = v and g((a1,e,)) = & if and only
if g(a1) = u.

A similar argument shows g((ag,e,)) = b if and only if g(az) = v and g((az,eq)) = ¢p if and
only if g(az) = u.

Then for g : A x A — B with g((a1,e,)) = b and g((az,eq)) = ¢, we have g(a;) = v and
g(az) = u. Hence for such a g, as g must preserve incidence, g(e,) = e; for some i = 1,...,24.

We now notice the following useful observation.

(1) If g(eq) = €; for some ¢ = 1,...,24 then § X 14((eq,a1)) = (€5,a1), § X 1a((eq,a2)) =

(ei,a2), g x 1a((eq,€q)) = (€i,€q), and g x 14((€q,€q)) = (€4, €4).

For each i = 1,...,24 there are two choices of where to map each of (e;,a1), (e;, az2), (ei,€q),
and (e;, eq) in a morphism from B4 x A — B (either to b or £,). Thus for a fixed 4, there are
16 possible ways to map the edges (e;,a1), (e;,az), (i, e4), and (e;, e,) to B. However, there

are 24 such indicies. Thus by the pigeonhole principle,

(2) there exists 4,7 € {1,...,24} with ¢ # j, ev((e;,a1)) = ev((ej,a1)), ev((e;, az)) =
evl(eg,02))s ev((eisea)) = evl(esea)), and ev((er,e)) = evl{(es, ea)):

So define a morphism g : AX A — B by g(z) = b for all vertices b € V(Ax A), g((a1,eq)) = b,
9((a2,€0)) = b, 9((cara1)) = ev((ej, 1)), 9((€ar @) = ev((e5,2)), gl(eara)) = ev((c5,€0)),
and g((eq, €a)) = ev((ej, €q)) (incidence is trivially preserved). Then there is a unique g : A —
BA such that ev(g x 14) = g.

However, by (1) g(a1) = v and g(a2) = u, g(eq) = e; is such a morphism and by (2)
g(a1) = v, glag) = u, and g(e,) = e; is another. Hence no such unique morphism exists and

(T2) does not exist in Grphs.
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Construction (T3) (“subobject classifier”) exists in Grphs: In Grphs the subobject

classifier is the following graph:

True 7

Figure 2.7: A picture of the subobject classifier 2 in Grphs

together with the canonical morphism T : 1 — € from the terminal object 1 to the subobject

classifier Q, which maps the vertex of 1 to the vertex labeled “True” in the above picture. [

We now to turn to SiGrphs and SiLIGrphs. These categories have rarely been studied.

Proposition 2.3.2. SiGrphs has the constructions (T1) and (T3), but fails to have the

construction (T2).

Proof. Construction (T1) (“limits”) exists in SiGrphs: The proof of existence prod-
ucts and coproducts in SiGrphs follows similarly to the proof of existence of products and
coproducts in Grphs using same constructions, by identifying any multiple edges that occur
as a single edge and any multiple loops that occur as a single loop.

Construction (T2) (“exponentiation with evaluation”) fails to exist in SiGrphs:
Suppose that exponentiation exists in SiGrphs. Then SiGrphs has a terminal object, prod-
ucts and exponentiation. Thus there is a standard adjoint functor relationship creating a
bijection between the set of morphisms X x B — A and the set of morphisms X — AP,

To construct our counterexample to the existence of exponentiation in SiGrphs, let both
A be Kf the graph with a single vertex with a loop, and B be K5. To begin, we will let X be
a single vertex (this is the multiplicative identity, 1, in SiGrphs and hence X x B = B). As

K5 admits 2 morphisms to K f in SiGrphs, then A” has 2 vertices, identified by X.
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Now let X be Kf. Then X x B is a graph with two vertices with a loop at each vertex
and an edge between the two vertices. X x B admits 8 morphism to Kf, as the edge and
each loop can be mapped to either the vertex or the loop. Hence K f admits 8 morphisms to
AB. However, in SiGrphs, K f admits at most 4 morphisms to any graph on two vertices, 2
morphisms that map the loop to a vertex, and 2 that map the loop to another loop. Hence
we have a contradiction and exponentiation and evaluation does not exist in SiGrphs.

Construction (T3) (“subobject classifier”) exists in in SiGrphs: The subobject

classifier for SiGrphs is the same as it is for Grphs. O

Proposition 2.3.3. SiLIGrphs has the constructions (T1) and (T2) but fails to have the

construction (T3).

Proof. Construction (T1) (“limits”) exists in SiLIGrphs: To show the existence of
limits, we note that the terminal object, products, and equalizers are defined as in SiGrphs.
For colimits, the initial object, and the coproduct are the same as in SiGrphs with the
coequalizer being the construction given in Grphs with multiple edges identified as a single
edge, and loops identified with the incident vertex.

Construction (T2) (“exponentiation with evaluation”) exists in SiL1Grphs: Given
graphs G and H, define H® by V(H®) = homgirigrphs(G, H), and e € P(HY) with dy¢(e) =
(fi-f2) if for all d € P(G) with 9g(d) = (di-d2), there exists d' € P(H) with dy(d') =
(f1(dr)-fo(da)).

Then define ev : H® x G — H by ev((f,v)) = f(v) for all vertices (f,v) € V(HY x G) and
for e € P(H® x G) such that dyca(e) = ((f,v)(g,u)) define ev(e) = d for d € P(H) with
Or(d) = (f(v)-g(u)). Such a d exists by construction of H%, and by construction of H, ev
is a graph morphism.

Now let X be a graph with morphism ¢ : X x G — H. We must show there is a unique
morphism g : X — H® such that g = ev(g x 1g).

Let z € V(X) and consider {z} x G := {(z,v)|(z,v) € V(X x G) for some v € V(G)} C
V(X x G). Then g|(;) < induces a function f, : V(G) — V(H) defined by f.(v) = g((z,v)).
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We uniquely extend f; to a morphism for if there exists e € P(G) with dg(e) = (u-v), then
there exists (z,e) € P(X x G) with dxxa((z,e)) = ((z,u)-(x,v)) and as g is a morphism
g(e) = d for some d € P(H) with 9y (d) = (g(x,u)_g(x,v)) which uniquely defines f,(e) = d
to preserve incidence. Then for g = ev(g X 1¢) to hold, define g(z) = f, and g is a vertex set
function uniquely determined by g.

Now let e € P(X) with Ox(e) = (z1-x2). Consider {e} x G := {d € P(X x G)|0xxac(d) =
((x1,u)(z2,v)) for some u,v € V(G)} € P(X x G). Note that for a part d € {e} x G,
Oxxa(d) = ((z1,u)-(x2,v)) for some u,v € V(G) implies there is a part d’ € P(G) such that
Pa(d') = (uv).

For such a d, since g preserves incidence, 0p(g(d)) = (g9(x1,u)-g(x2,v)) = (fz, (w)-fz,(v)).
Then for g = ev(g x 1¢) to hold, define g(e) = a where dyc(a) = (fuy -fz,) Which exists by
definition of H®, and is uniquely determined by g. Clearly g is a morphism in SiLIGrphs
and is uniquely determined by g.

Construction (T3) (“subobject classifier”) fails to exist in SiL1Grphs: Assume a
subobject classifier, Q, exists with morphism T : 1 — Q. Consider K§ having vertices a and b
with ge @ K§ — 1 the unique morphism to the terminal object. Let i : K§ < K5 be inclusion
where K3 is K§ with edge e. Then there exists a unique xgg : Ko — {2 such that K3 is the

pullback of T and xkg. Then T!xs = xkgi.

@ !I{é r |
"
v®
f) . L |
p T
? p.b.
. |
a ¢ XK
e _—
b ®
L |

Figure 2.8: A picture for the counterexample to the existence of a subobject classifier in
SiL1Grphs.
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Since !k¢(a) =!ks(b) = v for v the vertex of 1 and, and since morphisms much map vertices
to vertices, T(!kg(a)) = T (ks (b)) = T(v). Since Tlxs = xksi, xkg(i(a)) = xxg(i(b) = T(v).
Since graphs in SiL1Grphs are loopless and incidence must be preserved, xxg(e) = T (v).

Now consider the pullback of xx¢ and T. It is the vertex induced subgraph of Ky x 1 on
V(Pb) ={(c,v) € V(K3 x i)|XK2c(7rK2((c,v))) = T(m;((c,v)))}. However, since Ky x 1 2 K
and x5 (mxe((a,v))) = xxg5(a) = T(v) = xx5(b) = xr5(7K,((b,0))), V(Pb) = {(a,v), (b,v)}
and Pb = K. This contradicts that K3 is the pullback of xx¢ and T. Hence no subobject

classifier exists. O

We now focus on the three categories with strict morphisms. We note that StGrphs
has already been shown to have the constructions (T1) and (T3) while failing to have the

construction (T2) [21]. We provide the constructions for (T1) and (T3).

Proposition 2.3.4. [21] StGrphs contains the constructions (T1) and (T3), but fails to have

the construction (T2).

Proof. The graph with a single vertex and a loop, K f, is the terminal object and the empty
vertex set (and part set) graph () is the initial object.
For products, we follow the construction of Grphs but delete all pairs (e, f) if exactly one

of e or f is a vertex.

AxB

(a1, b1) (ag, b1)

Figure 2.9: An example of the product in StGrphs with pictures.
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The coproduct, equalizer and coequalizer in St(Grphs is precisely the same as in Grphs.

The subobject classifier in StGrphs is the following graph (Figure 2.10):

I A
True
1

.
True

Figure 2.10: A picture of the subobject classifier €2 in StGrphs

together with the canonical strict morphism T : 1 — Q from the terminal object 1, which

sends the vertex and the loop of 1 to the vertex and loop labeled “True” above. ]

We next turn to SiStGrphs. As SiStGrphs is the most common category of graphs
studied in literature, constructions (T1) and (T2) are already known [8,14], and the failure

of SiStGrphs to have construction (T3) is also known [20].

Proposition 2.3.5. SiStGrphs has constructions (T1) and (T2) [8,14] but fails to have the

construction (T3) [20].

Last we consider SiLIStGrphs. It has been shown that SiLIStGrphs fails to have any of

the Topos-type constructions [20].

Proposition 2.3.6. [20] SiLIStGrphs fails to have the constructions of (T1), (T2) and
(T3).

We note that products, coproducts, equalizers, and an initial object exist in SiLIStGrphs,

by the constructions in SiStGrphs.
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2.3.2 Set-type Constructions and Properties

We now consider one construction and two properties whose existence combined with that

with the topos constructions, defines Sets [7,16,25].

e (S1) A natural number object.

e (S2) The the Axiom of Choice.

e (S3) The subobject classifier is two-valued.

Like the topos constructions, each of these categorial properties are also defined abstractly

[11]. We again start with Grphs.

Proposition 2.3.7. [21] Grphs has the construction (S1) but fails to have the properties
(S2), and (S3).

In the next two propositions we show SiGrphs and SiLIGrphs have the same fate.

Proposition 2.3.8. SiGrphs has the construction (S1) but fails to have the properties (S2)
and (S3).

Proof. The construction (S1) (“natural number object”) exists in SiGrphs: The
natural number object for SiGrphs is the same as it is for Grphs. Namely, the natural
number object, N is the graph with no edges, and a countably infinite number of vertices
labeled by the natural numbers, coupled with the initial morphism 707 : 1 — N from the
terminal object 1 defined by mapping the single vertex of the terminal object to the vertex

labeled 0, and successor function o : N — N where given a vertex labeled n, o(n) = n + 1.
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Properties (S2) and (S3) (“choice” and “two-valued”) fail for SiGrphs: Consider

the graph morphism in Figure 2.11 where f(a;) = b1 and f(a2) = bs.

a . by
/ I@,
—_— IS
(L
2. bg
A B

Figure 2.11: A picture for the counterexample to (S2) - “choice” in SiGrphs

For any g : B — A, g must send the edge S to one of the vertices. Without loss of generality,
assume ¢(f) = a1, then we must have g(b;) = a1 and g(b2) = a1 to preserve incidence. But
then fgf # f. So we have an example where there does not exist a g : B — A such that
faf=1T1.

As for “two-valued”, by applying the definition of terminal object and coproduct we have
that 14 1 is a two vertex graph with no edges. But Q has edges so it can not be isomorphic

to 14+ 1 and is therefore not two-valued. O

Proposition 2.3.9. SiLIGrphs has the construction (S4) but fails to have the properties
(S2) and (S3).

Proof. Construction (S1) (“natural number object”) exists in SiLIGrphs, proper-
ties (S2) and (S3) (“choice” and “two-valued”) fails for SiLIGrphs: The natural
number object of SiLIGrphs is the same as in SiGrphs, and the counterexample to choice
in SiGrphs applies as well. Since SiL1Grphs does not have a subobject classifier, (S3) does

not apply. ]

We now turn to the categories with strict morphisms.

Proposition 2.3.10. [21] StGrphs has the construction (S1) but fails to have properties (S2)
and (S3).
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Proposition 2.3.11. SiStGrphs has the construction (S1) but fails to have properties (S2)
and (S3).

Proof. Construction (S1) (“natural number object”) exists in SiStGrphs: The natu-
ral number object in SiStGrphs is the same as it is in StGrphs. Namely the natural number
object, N, is countably many vertices with loops labeled with the natural numbers, coupled
with the initial morphism 707 : 1 — N defined by mapping the single vertex and loop of the
terminal object to the vertex and loop labeled 0, and successor function o : N — N where
given a vertex with a loop labeled n, o(n) = n+1. The natural number object works similarly
as it did in SiGrphs.

Properties (S2) and (S3) (“choice” and “two-valued”) fails for SiStGrphs: The
counterexample in SiGrphs of choice applies here as well. Since SiStGrphs does not have a

subobject classifier, (S3) does not apply. O

Proposition 2.3.12. SiLIStGrphs fails to have construction (S1) and properties (S2) and
(S3).

Proof. As no terminal object exists in SiLIStGrphs, nor does a natural number object. Since
no subobject classifier exists, (S3) does not apply. The same counterexample for choice in

SiGrphs applies here. O
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We provide a reference table for the Topos-type and Set-type constructions and properties

(Table 2.1 - Y=Yes, N=No, G=Grphs).

Table 2.1: Topos-type and Set-type constructions/properties for categories of graphs.
H Sets H SiLIStG ‘ SiL1G ‘ SiStG | SiG ‘ StG ‘ G ‘

(T1) Limits
(Colimits

U

2|2
<
<[
<
<|

=< =<

(+
Equalizer
(Coequalizer)

(T2) Exp. with Eval.
T3) Subobj. Classifier
( ]

|
H
(S1) Nat. Num. Obj. H
|
H

(S2) Choice

2| 2| =<l 2| <] <] <[ <] <] <] <
2| 2| =<l 2|| <[ <[ =] <] <] =] =<
2| 2| =<l =< 2| <] =] <] =] <] <
2| 2| =<l =<|| 2] <] =] <] <] <] =<
Z|| 2| ||| =< 2| <] <] <] ] ] << <

Zi| 2| 2| 2| 2| 2| <| <] <] =<| 2

2.3.3 Characterizations for Epimorphisms and Monomorphisms

We begin our investigation of other properties of the concrete categories of graphs by first
giving characterizations of epimorphisms and monomorphisms in the categories of graphs.

These characterizations of epimorphisms and monomorphisms are known in Grphs [27].

Proposition 2.3.13. A morphism in Grphs, StGrphs, and SiGrphs is an epimorphism if
and only if it is a surjective function of the part sets, and a morphism in the above categories

18 a monomorphism if and only if it is an injective function of the part sets.

Proof. As graphs are just part sets (with an incidence relation), and in concrete categories
surjections are always epimorphisms and injections are always monomorphisms, we must only

prove the converses.



2.3. CONSTRUCTIONS IN THE CONCRETE CATEGORIES OF GRAPHS 29

Solet f: A — B be an epimorphism in Grphs, and suppose f is not surjective. Then there
exists e € P(B)\Im(f).

First suppose e € V(B). Construct the graph C' by appending a vertex ¢’ to B such that €
is adjacent to every vertex e is adjacent to. By construction B is a subgraph of C.

Since e € P(B)\Im(f), no edge incident to e is in the image of f. Now consider i : B — C
the inclusion morphism and g : B — C defined by g(u) = i(u) for all u € V(B)\{e}, g(e) = ¢/,
g(m) = i(m) for all edges m not incident to e, and for edge n incident to e, set g(n) to be
the corresponding edge incident to e’. This is clearly a morphism (actually it is strict). Then
if = gf but i # g, a contradiction to f being an epimorphism.

Now suppose e is an edge of B. Construct the graph C by appending an edge ¢’ to B such
that €’ has the same incidence as e. Then by construction B is a subgraph of C.

Now consider i : B — C' the inclusion morphism and ¢ : B — C defined by g(u) = i(u) for
all u € P(B)\{e} and g(e) = €¢’. As the incidence of ¢’ is the same as e this is a morphism
(it is actually strict). Then if = gf but i # g, a contradiction to f being an epimorphism.
Hence epimorphisms in Grphs are surjective functions of the corresponding edge sets. A
similar proof applies or StGrphs.

For SiGrphs, a similar proof applies. However, in the case that e € P(B)\Im(f) is an
edge, a different construction is required. Let C be K, the graph with one vertex and one
loop. Let h : B — C be the morphism that maps everything to the vertex, and g : B — C
be the morphism that maps everything except e to the vertex, and maps e to the edge. Then
hf = gh but h # g, a contradiction.

Now let f : A — B be an monomorphism in Grphs, and suppose f is not injective. Then
there exists d,e € P(A) such that f(d) = f(e). Consider g,h : Ko — A where g maps
the edge to d, and the vertices to the vertices incident to d and h maps the edge to e and
the vertices to the vertices incident to e. Then as f must preserve incidence, fg = fh but
g # h, a contradiction to f being a monomorphism. A similar proof applies to StGrphs and

SiGrphs ]
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This changes if we add enough restrictions, as seen in the following proposition. The fol-

lowing result for epimorphisms in SiStGrphs and SiL1StGrphs is known [20].

Proposition 2.3.14. A morphism in SiStGrphs, SiLIGrphs, and SiLIStGrphs is an epi-
morphism if and only if it is a surjective function of vertex sets, and a morphism in the above

categories is a monomorphism if and only if it is an injective function of the vertex sets.

Proof. Let f: A — B be an epimorphism in SiLIGrphs. Suppose fi is not surjective. Then
there exists v € V(B)\Im(fy). Construct the graph C' by appending a vertex v’ to B such
that v is adjacent to every vertex v is adjacent to. By construction B is a subgraph of C.

Since v € V(B)\Im(fy), no edge incident to v is in the image of fg. Now consider i : B — C'
the inclusion morphism and g : B — C defined by g(u) = i(u) for all u € V/(B)\{v}, g(v) =/,
g(e) =i(e) for all edges e not incident to v, and for edge f incident to v, set g(f) to be the
corresponding edge incident to v'. Then if = gf but ¢ # g, a contradiction to f being an
epimorphism. Hence epimorphisms in SiLIGrphs have surjective vertex set functions. A
similar proof applies to SiStGrphs and SiLIStGrphs.

Suppose f : A — B is a morphism in SiLIGrphs and fy is surjective. Consider morphisms
h,k : B — C such that hf = kf. Since fy is surjective and hy fy = ky fy, hy = ky. So if
h # k there exists an edge e € E(B) such that h(e) # k(e), even though hy = ky. There are
two possibilities for h(e) and k(e), either as different vertices or edges.

If h(e) and k(e) are different vertices, as hy = ky, the incident vertices to e in B are both
mapped to the same vertex, so for incidence to hold h(e) and k(e) would also be mapped to that
vertex and h(e) = k(e). If h(e) and k(e) are mapped to different edges, since hy = ky they
must have the same incidence. Since graphs in SiL1Grphs are simple and loopless, h(e) =
k(e). Hence both possibilities lead to contradictions. A similar proof holds for SiLIStGrphs,
and for SiStGrphs a third possiblity arises for h(e) and k(e) to be different loops. However,
in this case, as simple graphs have only one loop and hy = ky, they must be mapped to the
same loop.

Now let f : A — B be a monomorphism in SiL1Grphs. Suppose fi, is not injective.
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Then there exists u,v € V(A) such that f(u) = f(v). Then consider the two morphisms
4,k : K1 — A defined by j mapping the single vertex of K to u, and k& mapping the single
vertex of K; to v. Clearly fj = fk but j # k a contradiction to f being a monomorphism.
Hence monomorphisms in SiLIGrphs have injective vertex set functions. A similar proof
applies to SiStGrphs and SiLIStGrphs.

Suppose f: A — B is a morphism in SiL1Grphs and fy is injective. Consider morphisms
j,k: C — Asuch that fj = fk. Since fy is injective, jy = ky. Thus if there exists e € P(C)
such that j(e) # k(e), then e must be an edge of C. Since fy is injective and fj = fk, j(e)
and k(e) cannot both be vertices in A. Without loss of generality assume k(e) is an edge.

Note that j(e) cannot be a vertex of A, for both incident vertices of e in C' are mapped to
j(e) as well. Then since jy = ky, morphisms preserve incidence, and the graphs are loopless,
k(e) is mapped to a vertex. Hence j(e) must be an edge of A. Since jy = ky, j(e) and k(e)
have the same incident vertices, and since the graphs are simple, k(e) = j(e), a contradiction.

Hence f is a monomorphism.

2.3.4 Free Objects and Cofree Objects

We now consider the underlying vertex set functor |—|y : -Grphs ~— Sets defined for each of
the categories of graphs, where |G|y = V(G) for a graph G and |f|y = fy for a morphism f.
We define the free graph functor F'(—) : Sets ~— -Grphs to be such that F'(—) is left adjoint
to | — |v. We similarly define the cofree graph functor C(—) : Sets ~— -Grphs to be such
that | — |y is left adjoint to C'(—). The following two proposition characterizes the free and
cofree objects in the categories of graphs. These characterizations are known in SiStGrphs

and SiLIStGrphs [20].

Proposition 2.3.15. Given a set X, in all six categories of graphs, the free graph on X is

just the empty edge graph on the vertexr set X, and the free objects are the empty edge set
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graphs.

Proof. Let X be a set in Sets, and let F'(X) = K¢ the empty edge set graph with vertex set
V(K€ = X. Now let G be a graph such that there is a function g : X — |G|y. We must
show there is a unique graph morphism g : F(X) — G such that g = |g|yu for some v : X —
|F(X)|y. Note that |F(X)|y = V(F(X)) = X. Hence define the function u : X — |F(X)|y
asu=1x.

Let g be the function map g = ¢g and gy, = g. Since there are no edges in F'(X), incidence
is clearly preserved (and the morphism is strict). Then since g = [g|yu must hold, u = 1x,

and |gly = gy = g, g is uniquely determined by g. O

Proposition 2.3.16. Given a set X,

1. in Grphs, SiGrphs, and SiLIGrphs the cofree graph on X is the complete graph on

the vertex set X and the cofree objects are the complete graphs,

2. in StGrphs, SiStGrphs the cofree graph on X is a complete graph with a single loop
on each vertex having the vertex set X, and the cofree objects are the complete graphs

with a loop at each vertex,

3. in StLIStGrphs no cofree graph exists.

Proof. Part 1: Let X be a set in Sets and define C(X) as the complete graph with the vertex
set V(C(X)) = X. Let G be a graph in Graphs with set function ¢ : |G|y — X. We must
show that there is a unique graph morphism g : G — C(X) such that g = ¢|g|y for some set
function ¢ : |C(X)|y — X Note that |C(X)|y = V(C(X)) = X. Hence we define ¢ as 1x.
For g = 1x/|g|ly to hold, g, = g is uniquely determined. Then let e be an edge of G
incident to vertices =,y € V(G) where z and y are not necessarily distinct. Then since graph
morphisms must preserve incidence, for g to be a morphism, g(e) must map to the part e’ of

C(X) incident to vertices g(x) and ¢g(y). By the definition of C'(X) such a part €’ exists, even
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if it is a vertex. Hence g exists and is uniquely determined by g. A similar proof applies for
SiGrphs and SiL1Grphs.

Part 2: Let X be a set in Sets and define C'(X) as the complete graph with a loop at
every vertex with the vertex set V(C'(X)) = X. Let G be a graph in StGraphs with set
function g : |G|y — X. We must show that there is a unique strict graph homomorphism
g : G — C(X) such that g = c[g|]y for some set function ¢ : |C(X)|y — X Note that
|C(X)|y =V(C(X)) = X. Hence we define c as 1x.

For g = 1x|g|v to hold, gy, = ¢ is uniquely determined. Then let e be an edge of G incident
to vertices x,y € V(G) where x and y are not necessarily distinct. Then since strict graph
homomorphisms must send edges to edges and preserve incidence, for g to be a strict graph
homomorphism, g(e) must map to the edge €’ of C'(X) incident to vertices g(z) and g(y). By
the definition of C'(X) such an edge €’ exists. Hence g exists and is uniquely determined by
g. A similar proof applies for SiStGrphs.

Part 3: Assume cofree graphs exist. Let X = {z} in Sets and C(X) be the cofree graph
associated with X and function ¢ : |C'(X)|y — X. Consider Ks with vertices a and b and edge
e and set function ¢ : |[Ks|y — X defined by g(a) = g(b) = x. Then since C(X) is a cofree
object, there is a unique morphism in SiLIStGraphs, §: Ko — C(X), such that g = ¢|g|y.
Since 7 is a strict graph homomorphism, it must send e to an edge in C(X). Thus g(e) = f
for some f € E(C(X)). Since graph homomorphisms preserve incidence, f is incident to
g(a) = [glv(a) = d for some vertex o' € V(C(X)) and g(b) = [g|v(b) = V' for some vertex
b e V(C(X)).

Since C'(X) is loopless, a’ # V. Then since g = ¢[g|ly, g(a) = ¢(|glv(a)) = = and g(b) =
c(|glv (b)) = z, c(a’) = ¢(¥') = x. Now consider the morphism h : Ko — C(X) defined by
h(e) = f, h(a) = b and h(b) = a’. Clearly h # g. Then c(|h|y(a)) = ¢(V') = x = g(a) and
c(|hly (b)) = c(a’) = z = g(b). Thus c|h|y = g, and g is not unique, which is a contradiction

to the universal mapping property of the cofree object. ]

We also consider the underlying part set functor | — |p : -Grphs ~— Sets defined for each
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of the categories of graphs, where |G|p = P(G) for a graph G and |f|p = fp for a morphism
f. We show there is no corresponding free functor in the six categories of graphs, and there is
not a corresponding cofree functor for SiGrphs, SiL1Grphs, SiStGrphs and SiLIStGrphs.

We will show there is a corresponding cofree functor for Grphs and StGrphs.

Proposition 2.3.17. In all siz categories of graphs, | — |p does not have a left adjoint.
Proof. If | — |p had a left adjoint Fp, then | — |p would commute with limits. However as
P(K3 x Kg) # P(K3) x P(K3) in all six categories of graphs, this is not the case. O

Proposition 2.3.18. In SiGrphs, SiLIGrphs, SiStGrphs and SiLIStGrphs, | — |p does

not have a right adjoint.

Proof. If |—|p had a right adjoint Cp, then |—|p would commute with colimits. So consider P
the path on three vertices with vertices a, b and ¢ and edges j, k with incidence 0p,(j) = (a-b)
and Op, (k) = (b_c), and P§ the empty edge graph on the vertices of P3. Define two morphisms
f:P§ — Pz and g : P§ — P3 where f is inclusion and g(a) = ¢,g(b) = b, and ¢(c) = a.
We note this particular coequalizer exists in SiLIStGrphs and it is isomorphic to K3. Then

P(Coeq(f,g)) # Coeq(P(f),P(g)) in any of the four categories and Cp does not exist. [

Proposition 2.3.19. Given a set X,

1. in Grphs the part cofree graph on X, Cp(X), is the graph with V(Cp(X)) = X and for
each u € V(Cp(X)) and for all v € X if u # v then there exists £,,, € P(Cp(X)) with
Ocp(x)(luw) = (u-u), and for each u,v € V(Cp(X)) with u # v then for each w € X

there exists ey v € P(Cp(X)) with O, (x)(€fu,v}w) = (u0).

2. in StGrphs the part cofree graph on X is the same construction as in Grphs with the
additional loop for each verter u € V(Cp(X)) by € P(Cp(X)) with Ocp(x)(luu) =

(u_u).
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Proof. We prove the result in Grphs and the proof for StGrphs follows similarly.

First, we define ¢ : P(Cp(X)) — X by ¢(z) = z for all x € LCP(X)(X), c(lyn) = v, and
c(e{uﬂ)}’w) = w.

Let A be a graph in Grphs and let g : P(A) — X be any set function. This induces a
function gy = g|,,(v(a))- Hence we define a morphism in Grphs g: A — Cp(X) as follows.
For a vertex v € 1t4(V(A)) define g(a) = g(a). For an edge a € E(A) with da(a) = (a1-as2),
if g(a1) = g(az) = g(a), define g(a) = g(a1) (in StGrphs we would define g(a) = £y(a,),g(a1))s
or if g(a1) = g(az) # g(a) define g(a) = £y(4) g(a)> Otherwise g(a) = €{y(a),g(as)}.9(a)-

As incidence is preserved and vertices are mapped to vertices, g is a graph morphism. We
now show g is the unique morphism such that g = ¢|g|p.

By definition of g, g = ¢[g|p. So let h: A — Cp(X) be a morphism in Grphs such that
clhlp = g. As h is a morphism h(a) € V(Cp(X)) for all a € V(A). Thus, for a € V(A),
c(|h(a)|p) = h(a) for h(a) € X = V(Cp(X)). As ch|p = c|glp, h(a) = c([h(a)|p) = clglp =
g(a) = g(a). Hence h and g agree on vertices.

Now let a € E(A). As h is a graph morphism, the incidence of a under h is preserved.
Thus for da(a) = (a1-a2), dcp(x)(h(a)) = (h(a1)-h(az)) = (g(a1)-g(az)). First, if h(a) is
a loop, then h(a) = {4,), for some b € X such that c(|h(a)|p) = g(a) = b. Hence as
g(a) = Ly(a,)p by construction g and h agree on loops. Second, if h(a) is a non-loop edge,
then h(ai) # h(az) and therefore h(a) = €fn(a;) h(az)}b O C(€fn(ar),haz)}p) = g(@) = b. Then
as (h(a1)-h(az)) = (9(a1)-g(a2)), g(a) = €{n(ay)h(az)} b and g = h.

Thus Cp(X) is the part cofree graph for set X. O

2.3.5 Projective and Injective Objects

The definitions for free objects and cofree objects are dependent on the category being a con-
crete category. We move on to other categorial constructions that are defined for any abstract
category. We start with the injective objects and projective objects [1].

These results for projective and injective objects are known in Grphs [27]. We will pro-
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vide an alternate proof. The results for projective and injective objects are also known in

SiStGrphs and SiLIStGrphs [20]. We provide their construction for completeness.

Proposition 2.3.20. 1. In Grphs, SiGrphs, and StGrphs, all graphs with at most 1
non-loop edge per component are precisely the projective objects, and there are enough

projective objects.

2. In SiLIGrphs, SiStGrphs, and SiLIStGrphs, the projective objects are precisely the

free objects, and there are a enough projective objects.

Proof. Part 1: First note that if f : A — B is an epimorphism in Grphs then f is a
surjective map of the associated part sets. So let A be a graph with at most one non-loop
edge in each component with morphism g : A — G for some graph G. Let H be a graph with
an epimorphism h : H — G.

Consider a component of A. If the component is composed of a single vertex, v, then since
g is a surjection, there exists v' € V(H) such that h(v") = g(v). If the component is composed
of a single vertex v with a loop ¢, and under g the loop is identified with g(v), then as before
there exists v/ € H such that h(v") = g(v) = g(¢).

If the component has an edge e, and two vertices u and v, and under g the two vertices are
identified with the edge, then there exists v' € V(H) such that h(v') = g(v) = g(u) = g(e).
If under ¢ the two vertices are identified, and the edge is sent to a loop, then there exists
v e V(H)and ¢’ € E(H) with 0y (¢') = (v/v") such that h(v") = g(v) = g(u) and h(¢') = g(e).
If under g the two vertices are not identified then there exists a non-loop edge d € E(H) with
incident vertices a,b € V(H) such that h(d) = g(e), h(a) = g(u) and h(b) = g(v). Then
the definition for g such that hg = g is obvious, and since each component can be mapped
independently from other components, this is a graph morphism.

Now suppose G is a graph with at least two edges in some component, called e and f.
Consider the graph H created by “splitting” G at each vertex incident to more than two

edges. That is, for every vertex v incident to at least two edges a and b, create v; and vs in
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H such that a is incident to v; and b is incident to ve with no edge between v, and vs. Then
H admits an epimorphism A to G by re-identifying these split vertices.

However, with morphism 15 : G — G, G does not admit a morphism g to H such that
hg = 1¢ as edges e and f must be sent to the same component to preserve incidence. Hence
G is not projective.

If G has a component with a loop £ € E(G) incident to x € V(G), then consider H = G'+ K3
where G’ is formed from G by deleting the loop ¢. Then define f : H — G by f(a) = a if
a € P(G") and for u,v € V(K3) f(u) = f(v) =z, and for e € E(K3), f(e) = £. As f preserves
incidence and is a surjection on part sets, f is an epimorphism. However, for 14 : G — G,
there is no h : G — H such that 1 = fh. Hence G is not projective.

Let G be a graph in Grphs. To show there are enough projectives, we must show there is
a projective object H and an epimorphism e : H — G. As above, construct H by “splitting”
G and then turning all components containing a single vertex with a loop into a copy of Kj.
Then H admits an epimorphism to G, and since H does not have more than one non-loop edge
per component, H is projective. A similar proof applies to SiStGrphs and SiL1StGrphs

Part 2: First note that if f : A — B is an epimorphism in SiLIGrphs then the vertex set
function fy is surjective. We show that the free objects are projective objects. Clearly the
empty graph () is projective since it is the initial object. Now let X be a non-empty set in
Sets, G be a graph with a morphism h : F(X) — G, and H be a graph with an epimorphism
g : H — G. We must show that there is a morphism h : F(X) — H such that gh = h.

Since g is an epimorphism, gy is a surjective function. Hence for all v; € V(F(X)), there is
a u; € V(H) such that g(u;) = h(v;). Then define h(v;) = u; for every v; € V(F(X)). Then
g(h(v;)) = g(u;) = h(v;) for every vertex v; of F(X). Since F(X) contains no edges, h is a
graph morphism (and strict). Thus F(X) is projective.

Now let A be a graph with at least 1 edge, and consider K, the complete graph on V(A),
with an inclusion morphism h : A — K. By Proposition 2.3.14, there is an epimorphism
e: K¢ — K for K¢ the empty edge graph on V(A). Since A has an edge any morphism from

A to K¢ must identify at least two vertices, and hence no such morphism f : A — K¢ exists
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such that h = ef. Thus A is not projective.

Let G be a graph in SiLIGrphs. To show there are enough projectives, we must show
there is a projective object H and an epimorphism e : H — G. By Proposition 2.3.14, the
projective object K¢ admits an epimorphism to G. A similar proof applies to SiStGrphs and
SiLIStGrphs

O

Proposition 2.3.21. 1. In Grphs, SiGrphs, and SiLIGrphs the injective objects are
precisely the graphs containing the cofree objects as spanning subgraphs and there are

enough injective objects.

2. In StGrphs and SiStGrphs, the injective objects are precisely the graphs containing

the cofree objects as spanning subgraphs and there are enough injective objects.

3. In SiLIStGrphs, there are no injective objects.

The injective objects in Grphs are known [27], we provide an alternate proof.

Proof. Part 1: Let A be a graph that contains a cofree spanning subgraph in Grphs, and
let GG, H be graphs in Grphs with a morphism f : G — A and a monomorphism ¢ : G — H.
We must show there is a morphism f : H — A such that f = fg.

Since g is a monomorphism, it is an injection of the part sets. Then for all v € P(Im(g))
there is a unique v' € P(G) such that g(v') = v. Since A is non-empty, it has a vertex z.
Define f: H — A by f(v) = f(v') if v € P(Im(g)) and f(v) = x if v is not in the image and
a vertex. If v is an edge that is not in the image with dg(v) = (uj_uz), then define f(v) = e
where e is some part with d4(e) = (f(u1)_f(u2)). One exists since A contains a spanning
cofree subgraph, and in the case that u; = us the vertex suffices. By this construction, f is a
morphism and fg = f.

Now let G be a graph in Grphs that does not contain a cofree spanning subgraph. Assume

it is an injective object of Grphs. Then there are distinct vertices u,v € V(G) such that
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there is no edge e with dg(e) = (u-v).

Then consider K§ with morphism f : K§ — G defined by f(a) = u and f(b) = v, for a
and b the two vertices of K§, and ¢ : K§ — K5 the inclusion morphism. Since the inclu-
sion morphism is a monomorphism, there is a morphism f : Ky — G such that fi = f.
Then f(i(a)) = f(a) = u and f(i(b)) = f(b) = v. Since morphisms preserve incidence,
da(f(e)) = (f(a)_f(b)) = (uv), and there is an edge ¢’ such that dg(e’) = (u_v), a contradic-
tion. Hence G is not an injective object.

To show there are enough injective objects we must show that for any graph G in Grphs,
there is an injective object H with a monomorphism f : G — H. If G is not the initial object,
C(V(G)) is an injective object and i : G — C'(V(G)), the inclusion morphism, is a monomor-
phism. If G = ) then () — K suffices. Hence there are enough injective objects in Grphs.
A similar proof applies to SiGrphs as well as SiLIGrphs that relies on monomorphisms as
injections of the vertex sets and the fact that there is at most one edge between any two
distinct vertices.

Part 2: Let A be a graph that contains a cofree spanning subgraph in StGrphs, and let
G, H be graphs in StGrphs with a morphism f : G — A and a monomorphism g : G — H.
We must show there is a morphism f : H — A such that f = fg.

Since ¢ is a monomorphism, it is an injection of the edge sets. Then for all v € P(Im(g))
there is a unique v' € P(G) such that g(v') = v. Since A is non-empty, it has a vertex x.
Define f: H — A by f(v) = f(v') if v € P(Im(g)) and f(v) = x if v is not in the image and
a vertex. If v is an edge that is not in the image with dg(v) = (u1_uz), then define f(v) = e
where e is some edge with d4(e) = (f(u1)-f(uz2)). One exists since A contains a spanning
cofree subgraph (it may be a loop). By this construction, f is a strict graph morphism and
fo=1".

Now let G be a graph in StGrphs that does not contain a cofree spanning subgraph. As-
sume it is an injective object of StGrphs. Then there are vertices u,v € V(G) (not necessarily
distinct) such that there is no edge e € E(G) with 0g(e) = (u-v).

Then consider K§ with morphism f : K§ — G defined by f(a) = u and f(b) = v, for a
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and b the two vertices of K§, and ¢ : K§ — K5 the inclusion morphism. Since the inclu-
sion morphism is a monomorphism, there is a morphism f : Ky — G such that fi = f.
Then f(i(a)) = f(a) = u and f(i(b)) = f(b) = v. Since morphisms preserve incidence,
Oc(f(e)) = (f(a)_-f(b)) = (uw), there is an edge ¢’ such that dg(e’) = (u_v), a contradiction.
Hence G is not an injective object.

To show there are enough injective objects we must show that for any graph G in StGrphs,
there is an injective object H with a monomorphism f : G — H. If G is not the initial ob-
ject, C(V(G)) is an injective object and i : G — C(V(G)), the inclusion morphism, is a
monomorphism. If G = ) then () < K suffices. Hence there are enough injective objects in
StGrphs. A similar proof applies to SiStGrphs that relies on monomorphisms as injections
of the vertex set and the fact that there is at most one edge between any two (not necessarily

distinct) vertices. ]

2.3.6 Generators and Cogenerators

The last construction of this chapter that we characterize in the six categories of graphs is
a classification of generators and cogenerators (as separators and coseparators in [1]). The
results for SiStGrphs and SiL1StGrphs are known [20] and we provide their constructions

for completeness.

Proposition 2.3.22. 1. In Grphs and SiGrphs, all graphs containing a non-loop edge

are precisely the generators,
2. in StLIGrphs all nonempty graphs are generators,
3. in StGrphs no generators exist,

4. in SiStGrphs and SiLIStGrphs, the empty edge graphs, K€, are precisely the genera-
tors (for V(K¢) #£10).
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Proof. Part 1: Let A be a graph in Grphs with a non-loop edge, e, with vertices u; and
ug incident to e. Consider Ky with vertices v; and ve with incident edge ¢/. Then A has an
epimorphism f : A — Kj defined by f(u2) = vy and f(y) = v; for all vertices y € V(A)\{ua}
and where every loop incident to ug is mapped to vo and every non-loop edge incident to v
(including e) is mapped to €', and all other edges mapped to v;.

Hence, we only need to show K is a generator. Let f,g: G — H be such that f # g. Hence
f(a) # g(a) for some a € P(G). First suppose a is a vertex. Then the morphism "a™ from
K> to G mapping the two vertices and edge of Ky to a suffices. If a is an edge of GG, then the
morphism that maps the edge of K5 to a and the incident vertices of the edge to the incident
vertices of a suffices.

Now suppose A is a graph containing no non-loop edges. Then no morphism from A to Ko
can distinguish between f,g : Ko — K{, where f maps the two vertices and edge of K3 to
the vertex of K f and g maps the two vertices of Ko to the single vertex of K f and the edge
to the loop. Hence A is not a generator. The same proof applies to SiGrphs.

Part 2: The empty graph is in the initial object of SiL1Grphs and thus cannot be a
generator.

Since in all graphs of SiL1Grphs there is at most one edge between any two distinct
vertices, if f,g : G — H agree on the vertex sets, the agree on the edge sets and f = g.
Hence if f,g : G — H are distinct, then for some vertex v of G, f(v) # g(v). So let A be a
non-empty graph. Then A has a vertex and the morphism h : A — G, where h maps all of
P(A) to the vertex v suffices.

Part 3: Suppose a generator GG in StGrphs exists. Then consider f,g : K1 — K§, where
f maps the vertex of K to one vertex of K§ and g maps the vertex of K; to the other vertex
of K§. Since G is a generator, it admits a morphism h : G — K such that fh # gh. Since
morphisms are strict, edges must be mapped to edges. However, K; has no edge, and thus G
is edgeless. Hence G = K° for some empty edge graph K¢.

Now consider Ko and A, where A is a graph consisting of two vertices with two parallel

edges between the two vertices. Define j, k : Ko — A by j mapping the edge of K5 to one
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edge of A, and k mapping the edge of K5 to the other edge of A, but mapping the vertices of
K5 in tandum. Then no morphism from G = K¢ can distinguish between j and k. Hence G

is not a generator, a contradiction, and no generators exist in StGrphs. O

Proposition 2.3.23. 1. In Grphs and SiGrphs, the graphs containing o loop and a non-

loop edge are precisely the cogenerators,
2. In SiLIGrphs, the graphs containing an edge are the cogenerators,

3. in StGrphs, the graphs containing both a vertex with two distinct loops and containing

a subgraph isomorphic to Kg are precisely the cogenerators,

4. i SiStGrphs, the cogenerators are precisely the graphs containing a subgraph isomor-

phic to Kg,

5. in StLIStGrphs no cogenerators exist.

Proof. Part 1: Let A be a graph composed of two disconnected components. One component
contains a vertex v with a loop £, and the other component contains two vertices u; and ug
with an edge e between them. If A is a cogenerator, then any graph containing a loop and a
non-loop edge is also a cogenerator.

Let f,g : G — H be two distinct morphisms in Grphs. Then f(e’) # g(¢’) for some
¢/ € P(G). If both f(e') and g(€’) are vertices, define h : H — A by h(f(€e')) = ug, h(y) = w1
for all y € V(H)\{f(¢')}, h(a) = e for all non-loop edges a incident to f(e’) in H, h(a) = us
for all loops a incident to f(€’), and h(a) = uy for all other edges a of H. Hence hf # hg.

If f(€') is a vertex of H and g(€’) is not, define h by h(f(¢')) = v, h(g(e')) =€ and h(y) =v
for all y € P(H)\{f(¢),g(¢')}. Hence hf # hg. If f(¢') is an edge of H, then define h by
h(f(€)) =€ and h(y) = v for all y € P(H)\{f(¢')}. Hence hf # hg, and A is a cogenerator.

If C is a graph not containing any loops, then no morphism exists from K{ to C that
can distinguish between id, f : K f — Kf, where id is the identity morphism, and f is the

morphism that maps the loop and vertex of Kf to the vertex of Kf. If C is a graph not
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containing any non-loop edges, then no morphism exists from K5 to C that can distinguish
between j, k : K1 — K9 where j maps the single vertex of K7 to one vertex of Ky, and k£ maps
the single vertex of K to the other vertex of Ky. Hence all cogenerators require a loop and
a non-loop edge. A similar proof applies to SiGrphs.

Part 2: Let A be a graph with an edge e incident to vertices u; and us. As in the proof for
generators in SiL1Grphs, if f, g : G — H are distinct, then there is a vertex v € V(G) such
that f(v) # g(v). Define h : H — A by h(f(v)) = ug2, h(y) = uy for all y € V(H)\{f(v)},
h(a) = e for all edges of H incident to f(v), and h(a) = wu; for all other edges in H. Hence
hf # hg, and A is a cogenerator.

If C is a graph not containing any edges, then no morphism exists from Ks to C' that can
distinguish between j,k : K1 — Ko where j maps the single vertex of K7 to one vertex of
K5, and k maps the single vertex of K to the other vertex of Ks. Hence all cogenerators in
SiLIGrphs require an edge.

Part 3: Let A be a graph composed of two disconnected components. One component
contains a vertex v with two loops #1 and /5, and the other component contains two vertices
u1 and uo with an edge e between them, and a loop ¢,; and £,2 on u; and usy respectively.
If A is a cogenerator, then any graph containing a vertex with 2 loops incident to it and a
non-loop edge with a loop incident to each incident vertex of the edge is also a cogenerator.

Let f,g : G — H be two distinct morphisms in StGrphs. Then f(e¢') # g(e’) for some
e € P(G). If f(¢) is a vertex, define h : H — A by h(f(e)) = uz, h(y) = uy for all
y € V(H)\{f(€)}, h(a) = e for all non-loop edges a incident to f(€’) in H, h(a) = £y2 for all
loops a incident to f(e'), and h(a) = £, for all other edges a of H. Hence hf # hg.

If f(e') is an edge of H, then define h by h(f(e')) = ¢; and h(y) = v for all y € V(H) and
h(a) = s for all other edges a in H. Hence hf # hg, and A is a cogenerator.

Now suppose C' is a graph that has no vertex that is incident to two loops. Then consider
f,g: K f — B, where B is a graph composed of one vertex with two loops £, and ¢}, f maps
the loop of Kf to £, and g maps the loop to £,. No morphism exists from B to C that can

distinguish between f and g.
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Now suppose C is a cogenerator. Then let Ky have vertex x and Kﬁ, the complete graph
on 2 vertices with a loop incident to each vertex, have vertices a and b. Define j : K1 — KS
by j(z) = a and define k : Ky — K% by k(z) = b. Then there exists h : K§ — C such
that hj # hk. Hence hj(z) # hk(x) and C has at least two vertices. As h must preserve
incidence, dc(h(e)) = (hj(z)-hk(x)) and C has a non-loop edge. Furthermore, as morphisms
are strict, the loops of K4 must be mapped to loops adjacent to hj(x) and hk(x). Thus C
has a component with a non-loop edge with a loop incident to each vertex incident to that

edge. O

2.4 Adjoint Functor Relationships

We now will explore the adjoint functor relationships between the categories of graphs. We
have already considered adjoint functor relationships between the six categories of graphs and
Sets in section 2.3.4. We have seen that all six categories of graphs have a left adjoint to the
underlying vertex set functor and every category except SiL1StGrphs has a right adjoint to
the underlying vertex set functor. However, only in Grphs and StGrphs is there an adjoint
(specifically a right adjoint) to the underlying part set functor.

We now consider the existence of adjoints to the inclusion functors of the categories of

graphs (see Figure 2.3). We provide the following known results for completeness.

Proposition 2.4.1. [20] The inclusion functor SiLIStGrphs— Grphs does not have a left

or right adjoint.

This proposition is easy to see if you consider that inclusion having a left adjoint means
that — (K3 + Ky) ¥ (K3 x K3) ¥ (K2)x — (K2) & Ky x Ky in Grphs (a clear

contradiction), and the right adjoint to the inclusion functor would have to commute with 1.

Proposition 2.4.2. [20] The inclusion functor SiStGrphs— Grphs does not have a left

adjoint.
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This proposition is also easy to see if you consider the same counterexample to inclusion
having a left adjoint as above. Using the above counterexample, this proposition can be easily

extended as follows.

Proposition 2.4.3. The inclusion functor SiStGrphs— SiGrphs does not have a left ad-

joint, nor does the inclusion functor StGrphs— Grphs.

Proposition 2.4.4. [20] For the functor S :Grphs~— SiLIGrphs defined by S1(G) the
underlying simple loopless graph of G (identify loops with their incident vertices, identify
all edges between the same distinct vertices) and for f : G — H in Grphs Si(f) = f' the
morphism induced by f on the underlying simple loopless graphs of G and H, Sy is left adjoint

to inclusion, i.e. S1 J<.

Proposition 2.4.5. [20] For the functor Sy :StGrphs~— SiStGrphs defined by S1(G) the
underlying simple graph of G (identify all edges between the same, not necessarily distinct,
vertices) and for f : G — H in StGrphs Si1(f) = [’ the morphism induced by f on the

underlying simple graphs of G and H, So is left adjoint to inclusion, i.e. Sy -

We proceed to characterize the adjoints to the inclusion functors.
Proposition 2.4.6. 1. [20] There is a left adjoint Sy to the inclusion SiLIGrphs— Grphs.
2. [20] There is a left adjoint Sa to the inclusion functor SiStGrphs— StGrphs.
3. There is a left adjoint S3 to the inclusion functor SiLIGrphs— SiGrphs
4. There is a right adjoint C to the inclusion functor StGrphs— Grphs.

5. No other left or right adjoint exists for all other inclusion functors.

Proof. (Part 3): Define S3 :SiGrphs~—SiL1Grphs as follows. For a graph G, define S3(G)
as the subgraph of G formed by identifying any loop ¢ € E(G) with its incident vertex
vg € V(G). For f: G — H, define S3(f) : S3(G) — S3(H) as S3(f) = flp(sy(q))- Clearly
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S3(@G) is a simple loopless graph, S3(f) is a graph morphism, and S3(fg) = S3(f)S3(g).

Define ¢4 p : homsigrphs(A4, = (B)) — homsirigrphs(93(A), B) for f : A —— (B) by
®a,B(f) = S3(f). We note that as f is a morphism with a simple and loopless codomain, for
any loops ¢ € P(A) with incident vertex v, € V(A), f(¢) = f(v¢) € V(— (B)). Hence Ss(f)
is a morphism from S3(A) to B. We will show this is a natural bijection.

For g : S3(A) — B define ¢~(g) : A —— (B) as ¢Z}B(g)(a) = g(a) for a € P(S3(A))
and for all loops ¢ € P(A) with incident vertex vy define ¢Z}B(g)(£) = g(v). Clearly in-
cidence is preserved and gbg}B(g) is a graph morphism. This induces the function gb;lB :
homs;riGrphs(93(A), B) = homsiarphs(4, < (B)). Then by definition ¢4 5¢;'5(9) = g and
¢Z}B¢A7B(f) = f and ¢4, p is a bijection.

Now consider h : A — A’ in SiGrphs, and B a graph in SiLIGrphs. Consider the following

diagram.

b,
homg;Grphs(A4’, = (B)) 2 homg;ir,iGrphs(53(4’), B)
homSiGrphs(hvf_)(B))i ihomSiLlGrphs(Sé(h):B)

@A,
homgiGrphs(4, = (B)) —> homsirirphs(S3(4), B)

Let f: A —< (B). As — (B) is a loopless graph, f(¢) = f(vg) for any loops ¢ € P(A) with
incident vertex vy € V(A). Then ¢4 phomgigrphs(h, = (B))(f) = ¢a,B(fh) = S3(fh) =
S3(f)S3(h) = homgiriarphs(S3(h), B)S3(f) = homsirigrphs(S3(h), B)$ar . B(f), and hence
the diagram commutes and ¢4 p is natural in A. A similar proof shows ¢4 g is natural in B
as S3(— (h)) = h for all morphisms h of SiL1Grphs. Hence S35 4.

(Part 4): Define C' :Grphs~—StGrphs as follows. For a graph G in Grphs, define
C(G) = G* the graph formed from G by appending a new loop £, to every vertex v € V(G).
For f: G — H, define C(f) : G* = H' by C(f)(v) = f(v) for v € V(G), C(f)(£,) = sy for
¢, the appended loops in G, and for e € E(G), define C(f)(e) = f(e) if f(e) € E(H) and
define C(f)(e) = €5 if f(e) € V(H). Clearly C(G) is a graph in StGrphs, and as C(f)
preserves incidence and maps edges to edges, C(f) is a strict morphism.

Now let g : G — H and f : H — K be morphisms in Grphs. We consider C(fg).
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If v € V(QG), then C(fg)(v) = (fg)(v) = f(g(v)) = C(f)C(g). If e € E(GQ) then three cases
arise, fg(e) € E(K), fg(e) € V(K) and g(e) € E(H), and fg(e) € V(K) and g(e) € V(H).
In the first case C(fg)(e) = fgle) = C(f)C(g)(e). In the second case, as fg(e) € V(K),
C(fg)(e) = Lyge), and as g(e) € E(H), C(f)C(g)(e) = C(f)gle) = Lyge)) = Lrg(e) as de-
sired. In the last case C(fg)(e) = Lfy(e)), and as g(e) € V(H), C(f)C(g)(e) = C(f)(lye)) =
Crig(e)) = Lyg(e) as desired. Hence C' is a functor.

Let A be a graph in StGrphs and B be a graph in Grphs. For f :— (A) — B de-
fine ¢4 p(f) : A — C(B) as ¢pap(f) = C(f)|a for A the subgraph of C(A) = A’. Then
¢a,p induces a function ¢4 p : homgrphs(— (A4), B) — homgigrphs(A4,C(B)). Now for
g: A — C(B) in StGrphs define ‘Z’Z}B(Q) 1= (A) — B by d)E}B(g)(v) = g(v) for all vertices
v e V(A), gb;}B(g)(e) = if g(e) = ¢,, and QSZ}B(Q)(G) = g(e) otherwise. gZ)g}B(g) preserves
incidence and maps vertices to vertices, so ¢,'5(g) is a morphism of Grphs.

Now consider ¢Z}B¢A,B(f) for f : = (A) — B. We first note that ¢Z}B¢A,B(f) = (;SZ}B(C(f)\A),
and for a € P(A) three cases arise, a € V(A), a € E(A) and C(f)(a) = Ly, and a € E(A)
and C(f)(a) = f(a). In the first and third case, as C(f)(a) = f(a) and f(a) # ¢, for
any vertex v € V(C(H)), ¢4 5(C(f)|a(a)) = ¢4'5(f(a)) = f(a). In the second case, as
C(f)(a) = €pa), 92 5(C()]ala)) = ¢4 5(¢s(a) = f(a). Hence ¢ 504 8(f) = f.

Now consider ¢4,5655(g) for g: A = C(B). If a € V(A), 64,503 5(9(a)) = ¢a5(9(a) =
g(a). If a € E(A) and g(a) = ¢, for some vertex v € V(C(B)), then ¢2}B(g)(a) = v and
$4.8945(9)(a) = by = g(a). If a € E(A) and g(a) # £y, then ¢4 o, 5(9)(a) = ¢a5(9)(a)
and as g is strict, g(a) € E(B). Hence ¢,5(¢)(a) = Cla(g(a)) = g(a). Thus, 4,505 '5(9) =g
and ¢4 p is a bijection.

We now show this bijection is natural in A and B. Let h: A — A’ in StGrphs and B be a

graph in Grphs. Consider the following diagram.

ba,B

hOHlGrphs(‘—> (A/), B) —_— homStGrphS (A,, C(B))

homGrphs((_)(h)vB)\L ihomStGrphs(h’C(B))

$A.B

hom(;rphs(<—> (A), B) —_— homStGrphS (A, C(B))
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Let f :— (A’) — B. Then ¢4 g homgrphs(— (h), B)(f) = ¢a,(fh) = C(fh)|a = C(f)|aC(h)|a,
as h is strict implying C(h)[4 = h : A — A’. Thus C(f)|4C(h)|4 = homgsgrphs(h, C(B))C(f)|ar =
homg¢Grphs(h, C(B))par 5(f), and the diagram commutes. Hence ¢4 p is natural in A. A
similar proof shows ¢4 p is natural in B.

(Part 5): Proposition 2.4.1 can easily be extended to show that the inclusion of SiL1St-
Grphs into the other four graph categories does not have a right adjoint. Proposition 2.4.1
can also be extended to show that the inclusion of SiLIStGrphs into Grphs, SiGrphs and
SiLIGrphs does not have a left adjoint.

Suppose the inclusion functor SiLIStGrphs—StGrphs has a left adjoint
R :StGrphs~—SiLIStGrphs. Then there is a natural bijection homgir,istGrphs(R(A), B) =
homgtGrphs(A4, < (B)). Consider A = K/ the graph of a vertex and a loop incident to
that vertex. Suppose B = K where K is the complete graph on V(R(A)). Then as
homStGrphs(Kf,K ) = 0, there is no morphism from R(A) to K. As every simple loop-
less graph, G, admits the inclusion morphism into the complete graph on V(G), we reach a
contradiction and no such left adjoint exists. A similar proof will show the inclusion functor
from SiLIStGrphs to SiStGrphs does not have a left adjoint.

By Propositions 2.4.2 and 2.4.3, the inclusion functor from SiStGrphs to Grphs and
SiGrphs does not have a left adjoint. We will show no right adjoint exists.

Suppose SiStGrphs— Grphs has a right adjoint C' :Grphs~—SiStGrphs. Then there is
a natural bijection homgrphs(— (A), B) = homsistgrphs(4,C(B)). Let B = KY{ the graph
with a vertex and a loop incident to the vertex. Using a “test” object A = K; the graph of a
single vertex, as homgrphs(— (K1), Kf) has a single element, homsistGrphs (K1, C’(Kf)) has
a single element. Hence C(KY) has a single vertex. Thus C(K?) is K1 or K{. Now using the
“test” object A = Ky, as homgyphs(— (K1), K f) has two elements, K3 admits two morphisms
to C(KY{) in SiStGrphs. However, K5 does not admit two morphisms to either K or KY,
a contradiction. Thus no right adjoint exists. The same proof also holds to show no right
adjoint exists to the inclusion functor SiStGrphs—SiGrphs.

Now suppose there is a right adjoint to the inclusion functor SiStGrphs—StGrphs,
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C :StGrphs~—SiStGrphs. Then there is a natural bijection homs¢Grphs(— (A4), B) =
homs;istgrphs (4, C(B)). Letting B be the graph of a single vertex with two loops at that ver-
tex, we can use a similar “test” object argument as we did above using A = K to determine
C(B) has one vertex and A = K3 to derive a contradiction. Using a similar argument with
the same graph B and the same test objects A = K7 and A = K5 we can derive a similar
contradiction to the right adjoint to the inclusion functor from SiGrphs to Grphs. Using a
similar argument with the graph B = K f and test objects A = K1 and A = K5 we can derive
a similar contradiction to a right adjoint to the inclusion functor from SiLIGrphs to Grphs
and SiGrphs.

By Proposition 2.4.3 the inclusion functor from StGrphs to Grphs does not have a left
adjoint. So we must only consider a left adjoint to the inclusion functor from SiGrphs to
Grphs. Suppose there is a left adjoint R :Grphs~—SiGrphs. Then < must commute with
limits. So consider the product K f x Ky in SiGrphs and Grphs. Their constructions are

shown below.

K{x Ky Ki x K,
In SiGrphs In Grphs

Figure 2.12: A counterexample to the inclusion functor SiGrphs—Grphs preserving prod-
ucts.

Hence — (K| x K3) 2 (K{)x < (K3), a contradiction. Thus no left adjoint exists. O



2.4. ADJOINT FUNCTOR RELATIONSHIPS 50
This provides us with the following “big picture” with the adjoints to inclusion included.

G—Grpbs

// D

SIG /351 ;SrG

353 IN] £

SiLIG SiStG 3=lv
SiLISTG
/
e
Sets 4

Figure 2.13: The Categories of Graphs with all adjoints to the inclusion functors



Chapter 3

The Fundamental Morphism
Theorem and the Classification of

Special Morphisms

3.1 Preliminaries for the Fundamental Morphism Theorem

In the next three sections, as SiLISt Grphs does not have the coequalizer construction (e.g. for
po, p1 : K2 x K9 — K the canonical projection morphisms, coeq(pg, p1) does not exist), we will
only consider the five categories Grphs, SiGrphs, SiL1Grphs, StGrphs and SiStGrphs.

In a category with products, coproducts, equalizers, and coequalizers, for a morphism f :

A — B we can form the following construction [16],

Ry—t-axa—=at-p—2pB1B R (3.1)
’ p1 i1
I—--—>1T"
dlh

o1
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where k = eq(fpo, fp1), ¢ = coeq(pok,p1k), k* = coeq(iof,i1f), and ¢* = eq(k*ig, k*i1). This
construction yields a unique morphism A : I — I* which makes the diagram commute as
follows.

As q = coeq(pok,p1k) and k = eq(fpo, fp1), qpok = gpi1k and fpok = fpik. Then by the
UMP of g, there is a unique morphism A’ : I — B such that h’q = f and the following diagram
commutes.

A-t.B (3.2)

i 7
/

q

=1y

Py Bl

1

Now since ¢* = eq(k*ip, k*i1) and k* = coeq(iof,i1f), k™ ioq* = k*i1q* and k*ipf = k*i1 f.
Then by the UMP of ¢* there is a unique morphism h” : A — I'* such that ¢*h” = f and the
following diagram commutes.

A—1-5 (3.3)

N *
2 N | !
I*

Now by the UMP of ¢* there is a unique morphism A : I — I'* such that A’ = hg* and the
diagram (3.1) commutes, since h'q = f = ¢*h", k*igh'q = k*i1h/q, and ¢ is an epimorphism.

This construction and the resulting unique arrow h is known as the Weak Fundamental
Morphism Theorem. The (Strong) Fundamental Morphism Theorem [16] asserts that h : I —
I* is an isomorphism. The three Noether Isomorphism Theorems follow as corollary of the
Fundamental Morphism Theorem. K.K. Williams developed the three Noether Isomorphism
Theorems for Grphs directly [27].

Recall from Chapter 2 the product, coproduct, equalizer, and coequalizer constructions in
the five categories of graphs.

Given two graphs A and B in Grphs, the product, A x B, is defined by V(A x B) =
V(A) x V(B) and for e € P(A) with d4(e) = (ai-a2) and f € P(B) with 9g(f) = (b1-b2)
there is an element (e, f) in P(A x B) with daxp((e, f)) = ((a1,b1)-(az,b2)) and if a1 # ag

and by # be, there is another element (e, f) € P(A x B) with daxp((e, f)) = ((a1,b2)_(az,b1))
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that has the same projections as (e, f).

In SiGrphs we follow the same construction and identify any parallel edges to a single edge
and any multiple loops to a single loop, and in SiL1Grphs we also identify any loops with
their incident vertex.

In StGrphs and SiStGrphs we follow the construction of Grphs but delete all pairs (e, f)
if exactly one of e or f is a vertex.

In all five categories of graphs the coproduct, A + B, of two graphs A and B is the disjoint
union of the two graphs, and the equalizer, ¢ = eq(f, g), of two morphism f,g : A — B is
the inclusion of the subgraph Fq of A defined by P(Eq) = {a € P(A)|f(a) = g(a) and if
da(a) = (a1-az) then f(a1) = g(a1) and f(az) = g(az)}.

In Grphs and StGrphs the coequalizer, coeq(f,g), of two morphism f,g: A — B is the
natural quotient morphism from B to Coeq defined by P(Coeq) = P(B)/ ~ where ~ is the
equivalence relation defined by a ~ b if there is a sequence ag,ay,...,a, € P(A) such that
a = flao). glao) = flar), glar) = f(az), .. glan—1) = f(an) and b= f(ay) or b= g(an).

In SiGrphs and SiStGrphs we follow the same construction for the coequalizer but we
also identify any parallel edges to a single edge and any multiple loops to a single loop, and
in SiLIGrphs we also identify any loops to their incident vertex.

Since products, coproducts, equalizers, and coequalizers exist in the five categories of graphs,

for any morphism in the category we can follow the construction in diagram (3.1).

Theorem 3.1.1 (The Weak Fundamental Morphism Theorem). In Grphs, SiGrphs, SiLl-
Grphs, StGrphs and SiStGrphs the construction in diagram (3.1) yields the unique arrow

h that makes the diagram commute.

3.2 The Fundamental Morphism Theorem in Grphs and StGrphs

We will establish the (Strong) Fundamental Morphism Theorem in Grphs and StGrphs but

we first need a lemma concerning the properties of morphisms in these two categories. We
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will also need to make use of this property for SiGrphs later, so we will include it with the

lemma.

Lemma 3.2.1. Grphs, StGrphs, and SiGrphs are balanced categories.

Proof. Let f : A — B be both a monomorphism and an epimorphism in Grphs. Then by
Proposition 2.3.13, f : P(A) — P(B) is a bijection and there is a set function f~! : P(B) —
P(A) such that ff~! = 1p(p) and flf = 1p(a) as set functions. It suffices to show flisa
graph morphism.

As f is a morphism, f maps vertices to vertices, and as f is a bijection, f~! maps vertices
to vertices. Further as monomorphisms are trivially strict morphisms, both f and f~!' map
edges to edges. Now let e € E(B) with 0g(e) = (b1-b2) for some by,ba € V(B), then there
is an edge ¢/ € E(A) with da(e’) = (aj-az) such that f(¢’) = e. Since f is a morphism,
incidence is preserved and (by_bs) = (f(a1)_f(az)). Hence f~'(e) = ¢ and d4(f'(e)) =
(f7Hb1)-fH(b2)) = (f 71 (f(a1))-f 7 (f(a2))) = (a1-a) = Da(e’), and incidence is preserved.
Thus f~! is a graph morphism, and f is an isomorphism.

This proof also holds in SiGrphs and StGrphs. O

We note that since Grphs and StGrphs are balanced, all epimorphisms are extremal

epimorphisms (defined below) in these two categories (see Theorem 3.5.1).

Definition 3.2.2. A morphism f : A — B is an extremal epimorphism if f does not fac-
tor through any proper monomorphism, i.e. if f = me with m a monomorphism and e an

epimorphism, then m is an isomorphism.

We now proceed with the Fundamental Morphism Theorem.

Theorem 3.2.3 (The Fundamental Morphism Theorem). In Grphs and StGrphs the unique

morphism h : I — I* in the construction given by (3.1) is an isomorphism.
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Proof. Consider the construction in Grphs. We proceed by establishing five claims:

Claim 1: k* = coeq(iof,i1f) identifies parts ig(e) and i;(e) for e € P(B) if and only if
e € P(Im(f)) where Im(f) is the image of f, a subgraph of B.

Claim 2: I* = Im(f).

Claim 3: q = coeq(pok, p1k) identifies a,b € P(A) if and only if f(a) = f(b).

Claim 4: h: I — I'* is a monomorphism.

Claim 5: h" defined as in (3.3) is an epimorphism (and by Lemma 3.2.1 an extremal
epimorphism).

Once these claims are established then as h” = hq is a proper epimorphism factorization of
an extremal epimorphism, h is an isomorphism.

Proof of Claim 1. (<) Let v € V(Im(f)), then there is a vertex u € V(A) such that
v = f(u) for if v is the image of an edge, then v is also the image of the edge’s incident
vertices. Hence, as igf(u) = ip(v) and i1 f(u) = i1(v), k*ig(v) = k*i1(v).

Let e € E(Im(f)), then there is an edge ¢’ € E(A) with f(¢’) = e, and hence as iof(¢’) =
io(e) and i1 f(e') = i1(e), k*ip(e) = k*iy(e).

(=) We prove the converse by contrapositive. Let b € P(B)\P(Im(f)). Then for all parts
a € P(A), f(a) # b, and hence igf(a) # io(b) and i1 f(a) # i1(b). Thus ig(b) ~ i1(b) and
k*ig(b) # k*i1(b) as there is no sequence formed in the construction of the coequalizer between
io(b) and i1(b).

Proof of Claim 2. We first show P(I*) = P(Im(f)) as sets. Let e € P(I*), then as
q* = eq(k*io, k*i1), k*ipq*(e) = k*i1q*(e). As ¢* is inclusion, k*ip(e) = k*i1(e) and by Claim
1ee P(Im(f)).

Now let e € P(Im(f)). Then by Claim 1, k*ig(e) = k*i1(e). If e € E(Im(f)) then so are
the vertices incident to e, and as ¢* is an equalizer e € P(I). Hence as sets P(I) = P(Im(f)).
As ¢* is a morphism, incidence is preserved and they are equal as graphs.

Proof of Claim 3. We first note that as pg((a,b)) = a and pi((a,b)) = b, P(Ry) = {(a,b) €
P(AxA)|f(a) = f(b) and if daxa((a,b)) = ((ua, up)-(va, vp)) then f(uq,) = f(up) and f(v,) =
fwp)}.
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(=) Let a,b € P(A) be such that ¢(a) = ¢(b). Then there is a sequence ay,as,...,a, €
P(Ry) with a = pok(a1), prik(a1) = pok(az),pik(az) = pok(as),...,p1k(an—1) = pok(an)
and b = pok(a,) or b = pik(an). As k : Ry — A x A is inclusion, a = po(a1),pi(a1) =
po(az),p1(az) = po(as),...,pi(an—1) = po(an) and b = po(a,) or b = pi(a,). Then since
a = po(a1), a1 = (a,c1) for some ¢; € P(A). As po(az) = pi(a1), az = (c1,c2) for some
¢y € P(A), and inductively po(a;) = pi(a;—1) implies a; = (¢j—1,¢;) for 3 < i < n. Then
as b = po(an) or b = pi(an), b = c,—1 or b = ¢, respectively. Since ay,az,...,a, € P(Ry),
the object of an equalizer, f(a) = f(c1), f(c1) = f(c2),..., f(cn—1) = f(cn) and transitively
Fa) = £(b).

(<) Let a,b € P(A) with f(a) = f(b). We consider two cases.

Case 1: One of ¢ or b is a vertex or a loop.

Without loss of generality, let a be a vertex or a loop. Then d4(a) = (u_u) for some
u € V(A). Let 04(b) = (up-vp) for some up, vy € V(A). Since f(a) = f(b) and morphisms
preserve incidence, f(u) = f(uy) = f(vp). Thus (a,b) € P(Rs) and as ¢ = coeq(pok, p1k),
prk((a,)) = b and pok((a,)) = a, g(a) = q(b).

Case 2: a and b are non-loop edges.

Let 04(a) = (uq_up) and 94(b) = (vp_vp) for some ug, up, vg, vy € V(A). Since f(a) = f(b),
(f (1a)-f () = (F(un)_(@3)) and hence cither f(ug) = f(u) and f(va) = f(vp) or f(ug) =
f(vp) and f(up) = f(v,). In the first case (a,b) € P(R;) and in the second case (a,b) € P(Ry).
As k is inclusion, po((a, b)) = po((a,b)) = a, and p1((a,b)) = p1((a,b)) = b, q(a) = q(b).

Proof of Claim 4: Let a,b € V(I) with a # b. As ¢ is a coequalizer, ¢ is an epimorphism and

by Proposition 2.3.13 surjective on part sets. Hence there is u,v € P(A) such that g(u) = a
and g(v) = b. By Claim 3, as a # b, f(u) # f(v). Then since f = ¢*hq and ¢* is inclusion,
h(a) = q*h(a) = ¢*hq(u) = f(u) # f(v) = ¢*hq(v) = ¢*h(b) = h(b), and h is an injection on
part sets. Then by Proposition 2.3.13, h is a monomorphism.

Proof of Claim 5: By Claim 2, I* = Im(f). So define h : A — I* by h(e) = f(e) for all
e € P(A). As Im(f) = I* and f is a morphism, h is well defined and a morphism. Since ¢* is

inclusion, ¢*h(a) = ¢* f(u) = f(a) for all a € P(A). Thus ¢*h = f. However, h” is the unique
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morphism such that ¢*h” = f. Therefore h = h”. As h is a surjection on part sets, so is h”.
Thus by Proposition 2.3.13 h” is an epimorphism.

The proof for StGrphs follows similarly. O

3.3 Restricted Categories of Graphs

As we add restrictions on the graphs in our categories, the coequalizer morphism identifies
parallel edges and loops. The following figure of the construction (3.1) applied to f : K§ — Ko
the injection of the two vertices into K provides a counterexample to the (Strong) Fundamen-
tal Morphism Theoerem for all three of SiGrphs, SiStGrphs, and SiL1Grphs. We note,
by the discussion in section 2, a unique morphism f : I — I* exists, but it is not necessarily

an isomorphism.

. a1 I b | L -1 e -1 . a1 L 1
< 2 [+ ] n (<] f 5 It
—_— 5 e > e
° e o ° iz
|5 o L L ' _ & -l d 5 -l
T la
r 1 r b |
< 3'?
—————— >
° Nort Iso
|5 c [ & -

Figure 3.1: A counterexample to the (Strong) Fundamental Morphism Theorem in SiGrphs,
SiStGrphs, and SiLIGrphs



3.4. CLASSIFICATIONS OF SPECIAL MORPHISMS IN AN ABSTRACT CATEGORY?58

3.4 Classifications of Special Morphisms in an Abstract Cate-

gory

In this section, we will define five special classifications of monomorphisms, and dually five
special classifications of epimorphisms. In the next section, we will review their relation-
ships in general categories, as well as categories with extra properties. We will characterize
these classifications in Grphs, StGrphs and SiGrphs, SiLIGrphs, SiStGrphs and SiLl-
StGrphs.

We now define the five special classifications for monomorphisms in a category.

Definition 3.4.1. A morphism f : A — B is a split equalizer if f = eq(q1,q2) for two
morphisms q1,q2 : B — C for some object C, and there exists morphisms s’ : C — B and

s: B — A such that sf =14, s'q1 = 1, and s'qs = fs.

An example of a split equalizer in Top is an embedding into a space that can be continuously

deformed into the embedded space.

Definition 3.4.2. A morphism f: A — B is a coretract if f has a left inverse g, i.e. there

is a morphism g : B — A such that gf = 14.

An example of a coretract in Top is an embedding into a space that can be continuously
mapped into the image of the embedding. In Grphs the inclusion of a vertex into a graph is

a coretract.

Definition 3.4.3. A morphism f: A — B is an effective monomorphism if f = eq(cokp(f))
where cokp(f) is the cokernel pair of f, the canonical pair of morphisms c1,co: A — A+p A

where A +p A is the pushout of f with itself.

Definition 3.4.4. A morphism f : A — B is a regular monomorphism if f is an equalizer,

i.e. there exists morphisms qi,q2 : B — C for some object C' such that f = eq(q1,q2).
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We remark that a regular monomorphism is not the same thing as the equalizer, as a functor
can preserve regular monomorphisms, but not preserve equalizers. For example, consider
1k, tw : Ko = Ky in Grphs. |Eq(1k,,tw)|p =0, but Eq(|1k,|p, |tw|p) = e for e the edge of
K.

Definition 3.4.5. A morphism f : A — B is an extremal monomorphism if f does not
factor through any proper epimorphism, i.e. if f = me with m a monomorphism and e an

epimorphism, then e is an isomorphism.

In Top, extremal monomorphisms are embeddings. In SiStGrphs and SiL1Grphs an
extremal monomorphism is the inclusion of a vertex induced subgraph.

We now dually define the five special classifications for epimorphisms in a category.

Definition 3.4.6. A morphism f: A — B is a split coequalizer if f = coeq(p1,p2) for two
morphisms p1,py : C — A for some object C, and there exists morphisms s' : A — C and

s: B — A such that fs = 1p, p1s' = 14, and pas’ = sf.

Definition 3.4.7. A morphism f : A — B is a retract if f has a right inverse g, i.e. there

is @ morphism g : B — A such that fg = 15.

An example of a retract in Grphs is the constant vertex morphism. In fact, for SiStGrphs

there is large theory involving retracts from a graph to its subgraphs [14].

Definition 3.4.8. A morphism f : A — B is an effective epimorphism if f = coeq(kp(f))
where kp(f) is the kernel pair of f, the canonical pair of morphisms c1,co : A xg A — A,

where A xXpg A is the pullback of f with itself.

Definition 3.4.9. A morphism f : A — B is a regular epimorphism if f is an coequalizer,

i.e. there exists morphisms p1,p2 : C — A for some object C such that f = coeq(p1,p2)-

We will also consider extremal epimorphisms which we defined earlier (Definition 3.2.2). In

Top, extremal epimorphisms are identifications.
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3.5 Categorial characterizations of special morphism classifi-

cations

We begin with a general characterization theorem for the classification of special types of

monomorphisms.

Theorem 3.5.1. [Classification of Monomorphisms] [1] In any category,

Eff. Mono

o

Split Eq. —=> Reg. Mono=—=> Ext. Mono

I

Coretract ———= Mono ()

where (1) and (2) hold if there are pushouts, (3) holds if there are coequalizers, and (4) holds

if the category is balanced.

In Sets all of these classifications are equivalent, as Sets is balanced, has pushouts, has
coequalizers, and has “cochoice” (note cochoice implies monos are coretracts).

However, in other categories differences emerge. For example, in Top we have the following
Split Eq. = Coretract == Eff. Mono = Reg. Mono = Ext. Mono == Mono

where the “=" is strict in each instance. In abelian categories the morphism classifications

characterize as
Split Eq. = Coretract == Eff. Mono = Reg. Mono = Ext. Mono = Mono

with “=" strict. We now consider the dual, the classification of epimorphisms.
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Theorem 3.5.2. [Classification of Epimorphisms| [1] In any category,

Eff. Epi

of|

Split Coeq. —=> Reg. Epi—= Ext. Epi

]| | —

Retract =———= Epi

where (1) and (2) hold if there are pullbacks, (3) holds if there are equalizers, and (4) holds if

the category is balanced.

In a similar vein, in Sets all of these classifications are equivalent, and the dual results for

Top and abelian categories also hold.

3.6 The classification of special morphisms in Grphs, StGrphs
and SiGrphs

In the three least restricted categories of graphs, the characterization of classifications of

special types of monomorphisms is similar to abelian categories.

Theorem 3.6.1. In Grphs, StGrphs and SiGrphs

Split Eq. = Coretract—=> Eff. Mono = Req. Mono = Ext. Mono = Mono.

Proof. We will handle the case of SiGrphs separately from Grphs and StGrphs.
In Grphs and StGrphs pushouts and coequalizers exist. Furthermore these two categories
are balanced (Lemma 3.2.1). So it suffices to show that extremal monomorphisms are effective

monomorphisms, and monomorphisms are not coretracts.
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Let f: A — B be an extremal monomorphism, then consider the following construction,

D ] *
Ry —t-AxA—sAt-B—"sp+B R

h 1
| - o
I-—->=17
3f

where k = eq(fpo, fp1), ¢ = coeq(pok, prk), k* = coeq(iof,irf), and ¢* = eq(kio, k*i1). By
the Fundamental Morphism Theorem (Theorem 3.2.3), f is an isomorphism. Since f is an
isomorphism, it is a monomorphism. Hence as ¢ : A — [ is an epimorphism and ¢* : [* — B
is a monomorphism, f = (¢*f)q is an epi-mono factorization of f. Thus as f is an extremal
monomorphism, ¢ is an isomorphism and I* =2 A. Thus f = coeq(k*ig, k*i1) fq = eq(cokp(f))
and f is an effective monomorphism.

For a counterexample to “monomorphisms are coretracts” consider the inclusion of K§ —

K.

Figure 3.2: A counterexample to the “monomorphisms are coretracts” in Grphs, StGrphs,
and SiGrphs.

As f is injective on part sets it is clearly a monomorphism, but it has no left inverse.

For SiGrphs we note that the above counterexample still applies to show monomorphisms
are not coretracts. As pushouts and coequalizers exist in SiGrphs and SiGrphs is balanced
(Lemma 3.2.1), we must only show that monomorphisms are regular monomorphisms.

Let f : A — B be a monomorphism. Then as SiGrphs has a subobject classifier (Proposi-

tion 2.3.2), €2, there exists a morphism y 4 : B — Q such the following diagram is a pullback.

A;i
1 po. i‘l’
B~

A
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However, as products and equalizers exist in SiGrphs, we can construct the pullback of x 4
and T by first constructing 1 x B with projections pg : 1 x B — B and heB ! I1xB—1
and then constructing the equalizer ¢ = eq(xapB, Tliyp) : Ea(xaprs, Tli ) — 1 x B. As
pullbacks are unique upto isomorphism and 1 x B = B, we have isomorphisms ¢ : A —

Eq(xaps, T!AxB) and ¢ : B — 1x B, with ¢f = qip. Hence f = eq(xapp®, T!i, p¢) and f is

a regular monomorphism. O

We note that the proof that monomorphisms are regular monomorphisms given in SiGrphs
also holds in Grphs and StGrphs. We chose to use the Fundamental Morphism Theorem
to exhibit that in a category with the Fundamental Morphism Theorem, extremal monomor-
phisms are effective monomorphisms.

Dually, the characterization of the classification of special epimorphisms in Grphs, St Grphs

and SiGrphs is also similar to abelian categories.

Theorem 3.6.2. In Grphs, StGrphs and SiGrphs

Split Coeq. = Retract=—=> Eff. Epi = Reg. Epi = Ext. Epi = Epi.

Proof. We will handle the case of SiGrphs separately from Grphs and StGrphs.

In Grphs and StGrphs pullbacks and equalizers exist. Furthermore these two categories
are balanced (Lemma 3.2.1). So it suffices to show that extremal epimorphisms are effective
epimorphisms, and epimorphisms are not retracts.

Let f: A — B be an extremal epimorphism, then consider the following construction,

R,k Po f ‘o K o
f%AXAHAHBﬁBJrBHRf

p1 21
Q\L = q*

I——>1T"
af

where k = eq(fpo, fp1), ¢ = coeq(pok, p1k), k* = coeq(iof,i1f), and ¢* = eq(k*io, k*i1). By
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the Fundamental Morphism Theorem (Theorem 3.2.3), f is an isomorphism. Since f is an
isomorphism, it is an epimorphism. Hence as ¢ : A — [ is an epimorphism and ¢* : I* — B
is a monomorphism, f = ¢*(fq) is an epi-mono factorization of f. Thus as f is an extremal
epimorphism, ¢* is an isomorphism and I = B. Thus f = ¢*fcoeq(pok, p1k) = coeq(kp(f))
and f is an effective epimorphism.  For a counterexample to “epimorphisms are retracts”

consider the following morphism of Ko + Ko — P53 where Pj is the path on three vertices,
I f I—o
— s
* 0

Figure 3.3: A counterexample to the “epimorphisms are retracts” in Grphs, StGrphs, and
SiGrphs.

r

[5

where each vertex is mapped to the vertex with the same coloring. As f is surjective on part
sets it is an epimorphism, but no right inverse of f exists.

For SiGrphs we note that the above counterexample still applies to show epimorphisms are
not retracts. As pullbacks and equalizers exist in SiGrphs and SiGrphs is balanced (Lemma
3.2.1), we must only show that epimorphisms are regular epimorphisms.

Let f : A — B be an epimorphism in SiGrphs. Then f is a surjection on part sets, and for
be P(B), f~1(b) C P(A). We will construct a graph C' with two morphisms c1,¢z : C — A
such that f = coeq(cy, c2).

We define the graph C' by creating a Ks component of C, with the edge labeled x and
vertices x1, xg with do(z) = (z1-x2) for every z € P(A). For each z € P(A) fix an ordering
of the incident vertices so that 04(x) = (z41-Ta2) With 241 < Z42.

Now define ¢; : C' — A by ci(x) = x and for da(z) = (241 -%a2), c1(x1) = Ta1 and c1(z2) =
ZTq2. Incidence is trivially preserved, and c; is a graph morphism.

For all b € P(B) fix an ordering of f~1(b) by f~1(b) = {as, }ics, for some well-ordered
index set I, (which exists by the axiom of choice). Now define ¢3 : C'— A by co(x) = c1(2),
ca(w1) = c1()) and ca(x2) = c1(zh) where 2 =y, for some b € P(A) and 2’ = xp, for j the

least element of I, with j > 4 if it exists and ca(z) = ¢1(x), ca(x1) = c1(z1) and ca(z2) = ¢1(x2)
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otherwise. As each K5 component of C' is mapped as a component by ¢ in co, and as ¢ is a
morphism, ¢y is a graph morphism.

By construction, fc; = fea. We now show that f = coeq(cy, ¢2).

Let Y be a graph with y : A — Y such that yc; = yeo. Define 5: B — Y by 5(b) = y(ap)

where aj, is a fixed element of f~(b). Let aj € f~'(b) and suppose a; < aj under the

ordering of Iy. Let ap < a1 < a9 < -+ < ap < ag be all elements in the ordering of I
from ap to aj. Then as ca(ap) = ci(ar), c2(ar) = ci(az), ... ca(an) = ci(ay), and yer = yea,
y(0) = ylap) = yei(ap) = yea(ap) = yer(ar) = yea(ar) = yei(az) = yea(az) = -+ = yeo(an) =

yei(ay) = y(ay). If aj < ap we just reverse the sequence and 7 is well defined.

By construction yf = y, and ¥ is uniquely determined by y. We must only show incidence
is preserved. Let b € P(B) with 0p(b) = (b1-b2). By a similar argument to showing 7 is well
defined, for any element w € f~1(b1), y(w) = y(ap,) and for any element z € f~1(by), y(2) =
y(ap,). Hence 0y (g(b)) = (y(b1)-y(b2)) and incidence is preserved. Hence f = coeq(c1, c2) and

f is a regular epimorphism. O

3.7 The classification of special morphisms in SiL1Grphs and
SiStGrphs

Before we give the characertization of the classification of special morphisms in SiLIGrphs

and StStGrphs we require the following three lemmas.

Lemma 3.7.1. In SiLIGrphs and SiStGrphs, a morphism f : A — B is an extremal

monomorphism if and only if f is a monomorphism and Im(f) is a vertex induced subgraph

of B.

Proof. We will prove this lemma for SiStGrphs, and as monomorphisms are trivially strict,
our proof will hold for SiL1Grphs.

(=) We proceed by contradiction. We first note f is a monomorphism as coequalizers
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exist in SiStGrphs (and SiLIGrphs). Hence we assume that Im(f) is not a vertex induced
subgraph of B. Hence there is an edge b € FE(B) with incidence 0g(b) = (f(b1)-f(b2)) for
some by, b € V(A) and for all edges a € E(A), 0a(a) # (b1 b2).

We then construct a graph A’ by appending an edge b’ to A such that 9/ (V') = (b1-b2). By
construction A’ is a simple graph and there is a natural inclusion monomorphism i : A — A’.

Now define ' : A” — B by f'(z) = f(z) for all x € P(A)\{V'}, and f'(V/) = b. As [ is
a monomorphism, it is injective on vertex sets. Hence f’ is injective on vertex sets and is a
monomorphism. Furthermore as V(A4) = V(4’), i : A — A’ is surjective on vertex sets and
hence an epimorphism. Thus f’i = f is a proper epi-mono factorization of f and 4 is not an
isomorphism, a contradiction to f being an extremal epimorphism.

(<) Conversely, let f be a monomorphism such that I'm(f) is a vertex induced subgraph
of B. Suppose ¢ : A — B and m : C' — B are such that e is an epimorphism, m is a
monomorphism and f = me. Then f = me is a epi-mono factorization of f.

As e is an epimorphism it is surjective on vertices. Hence for all ¢ € V(C) there is a
vertex a € V(A) such that e(a) = ¢. As f and m are monomorphisms, they are injective
on vertex sets, and hence for all ¢ € V(C) and a1,a2 € V(A) with f(a1) = f(a2) = m(c),
fla1) = me(a;) = m(c) = me(az) = f(ag) implies a; = ay and e is injective on vertices.

As e is strict (in SiL1Grphs it is a monomorphism and hence strict) for all a« € E(A),
e(a) € E(C). Furthermore, as e is bijective on vertices, if a,a’ € E(A) are such that e(a) =
e(a’) and d4(a) = (a1-az2) and d4(a’) = (a}_d}), then (e(a1)-e(az)) = dc(e(a)) = dc(e(a’)) =
(e(a))-e(ah)) implies that a1 = a) and ag = d@), or that a1 = a}, and as = af. In either case, as
A is simple, a = @’ and e is injective on part sets.

Now let ¢ € E(C) with dc(c) = (¢1-¢2) for some c1,co € V(C). Then as e is surjective on
vertices, there are vertices ai,as € V(A) such that e(a;) = ¢1 and e(az2) = ca. Then as m
is strict (as m is a monomorphism it is strict in SiLIGrphs) there is an edge m(c) € E(B)
with dg(m(c)) = (m(c1)-m(c2)) = (me(ar)-me(az)) = (f(a1)-f(a2)). As im(f) is a vertex
induced subgraph of B, there is an edge a € E(A) such that f(a) = m(c). Hence, as e is

strict, incidence is preserved, and C' is simple, e(a) = c¢. Hence e is bijective on part sets.
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So we define et : P(C) — P(A) by e7'(¢) = a for a € P(A) the unique part such
that e(a) = c. It clearly preserves incidence, maps vertices to vertices, and maps edges to

1

edges. Hence e™* is a graph morphism and e is an isomorphism. Hence f is an extremal

monomorphism. ]

Lemma 3.7.2. In SiLlGrphs and SiStGrphs, a morphism f : A — B is an extremal

epimorphism if and only if Im(f) = B.

Proof. (=) We proceed by the contrapositive. Suppose Im(f) # B. If f is not surjective
on vertices it is not an epimorphism and hence as equalizers exist f is not an extremal
epimorphism and we are done. So assume f is surjective on vertices. Then as Im(f) # B,
there in an edge b € E(B)\E(Im(f)). Then for i : Im(f) — B the inclusion of Im(f) into B
and for f: A — Im(f) defined by f(a) = f(a) for all a € P(A), f = if is a proper epi-mono
factorization of f but ¢ is not an isomorphism. Hence f is not an extremal epimorphism.

(<) Let Im(f) = B, and let e : A — C and m : C — B be such that e is an epimorphism,
m is a monomorphism and f = me. Hence f = me is an epi-mono factorization of f.

As Im(f) = B, f is surjective on vertices and hence f is an epimorphism. Then as f = me,
and f is an epimorphism, so is me. Hence m is an epimorphism. As m is both a monomorphism
and an epimorphism, m is bijective on vertices.

Let b € E(B). As Im(f) = B, there is an edge a € FE(A) such that f(a) = b. Thus
f(a) = me(a) =b. As bis an edge and m is a monomorphism (and hence strict) e(a) € E(C).
Hence m is surjective on edges.

Now let ¢, ¢ € E(C) with dc(c) = (c1-c2) and dc () = (¢} -ch) for some ¢y, ca, ¢, € V(C)
be such that m(c) = m(c’). Then as incidence is preserved (m(ci)-m(c2)) = dp(m(c)) =
dp(m(c)) = (m(cy)-m(ch)), and thus either m(c;) = m(c}) and m(c2) = m(ch) or m(c1) =
m(ch) and m(ce) = m(c}). In either case, as m is injective on vertices, (c1-c2) = (¢j-c}). As C
is simple, ¢ = ¢/ and m is injective on part sets. Hence m is a bijection of part sets, and similar

to the proof of Lemma 3.7.1, m is an isomorphism. Thus f is an extremal epimorphism. [
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Lemma 3.7.3. In SiLIGrphs and SiStGrphs, an extremal mono subobject classifier exists.

T T, Ty
]
L | FE ol Fu

In SiStGrphs In SiL1Grphs

Figure 3.4: The extremal monomorphism subobject classifier in SiStGrphs and in SiLl-
Grphs.

Proof. Let € be the proposed extremal monomorphism subobject classifier. In SiStGrphs
we define T : 1 — Q by mapping the vertex of 1 to T, and the loop of 1 to T,. In SiL1Grphs
we define T : 1 — Q by sending the single vertex of 1 to T,. We proceed in SiStGrphs.

Let f : A — B be an extremal monomorphism. We define x4 : B —  as follows. For
be f(V(A)) define xa(b) = Ty, for b € f(E(A)) define xa(b) = Ty, for b € V(B)\f(V(A))
define x 4(b) = F,, and for b € E(B)\f(E(A)) define x4(b) = F, if O5(b) = (b1-b2) such that
b1 € f(V(A)) or by € f(V(A)) (only one of by and by are in f(V(A)) as Im(f) is a vertex
induced subgraph of B by Lemma 3.7.1), and define x4(b) = F; otherwise. As Im(f) is a
vertex induced subgraph of B, x4 is a well defined strict graph morphism.

Let !4 : A — 1 be the unique morphism from A to the terminal object. Then as f, !4 and
T are strict, for all a € V(A) Tla(a) = T, = xaf(a) and for all @’ € E(A), Tla(d) =Ty =

xaf(a'). Hence Tly = xaf. We now show the following commuting diagram is a pullback.

1
1= )
B——=0Q

XA

AA

Let h: X — 1 and k : X — B be such that Th = y4k. We note that as 1 is the terminal
object, h is unique. Hence for z € V(X), xak(z) = Th(z) = Ty, and for 2/ € E(X),
xAk(z') = Th(a') = Ty. Then as xak(z) = T, for all z € V(X), k(z) € f(V(A)) and there is
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a vertex a € V(A) such that k(x) = f(a). As f is a monomorphism, it is injective on vertices
and a is uniquely determined. Furthermore, as y,k(z') = Ty for all 2/ € E(X), Im(f) is a
vertex induced subgraph, and = € f(V(A)) for all x € V(X), k(2’) € f(E(A)). Hence there
is an edge @’ € E(A) such that f(a’) = k(2/).

We show o’ is uniquely determined. Let a,a’ € E(A) such that f(a) = f(a'), and let
da(a) = (aj-az), 0a(a’) = (a)_dly) for some ay,aq,a),a, € V(A). Then (f(a1)-f(a2)) =
Op(f(a)) =0p(f(a’)) = (f(a})-f(ah)). As f is injective on vertices, this implies that a; = a}
and ay = dfy or that a1 = af, and as = a}. In either case as A is simple, a = a’. Hence for any
' € BE(X), d € E(A) with f(a') = k(x) is uniquely determined.

So we define k : X — A by k(z) = a for a the unique part such that f(a) = k(z) for all
x € P(X). By construction k& maps vertices to vertices and edges to edges.

Let z € P(X) with 0x(x) = (x1_x2) for some x1,z2 € V(X). Then there exists ai,as €
V(A) and a € P(A) such that k(z1) = a1, k(x2) = ag, and k(x) = a for k(x1) = f(a1),
k(x2) = f(a2), and k(x) = f(a). As f preserves incidence, A is simple, and Jdp(f(a)) =
Op(k(z)) = (h(z1)-h(x2)) = (f(a1)_f(az)), da(a) = (a1-az) and k preserves incidence. Hence
k is a strict graph morphism uniquely determined by h and k. Therefore the following diagram

is a pullback and € is the extremal monomorphism subobject classifier.

A—251

f| pb lT

B——Q
XA

'a

The proof in SiL1Grphs follows similarly, noting that in the definition of x4 : B — €,
edges b € f(E(A)) will now be mapped to T, and edges b € E(B)\f(E(A)) with no incident

vertex in f(V(A)) will now be mapped to F,. O

Theorem 3.7.4. In SiLIGrphs and SiStGrphs

Split Eq. = Coretract == Eff. Mono = Reg. Mono = Ext. Mono=—=> Mono.
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Proof. As pushouts and coequalizers exist in SiLIGrphs and SiStGrphs, we must only
show that monomorphisms are not extremal monomorphisms, extremal monomorphisms are
not coretracts, and extremal monomorphisms are regular monomorphisms.

To show that there are monomorphisms that are not extremal monomorphisms, consider
the following inclusion of K§ into K. By Lemma 2.3.14 this inclusion is a monomorphisms

and by Lemma 3.7.1 it is not an extremal monomorphism.
© f I
>

Figure 3.5: A counterexample to the “monomorphisms are extremal monomorphisms” in

SiLIGrphs and SiStGrphs.

To show that there are extremal monomorphism that are no coretracts, consider the follow-

ing inclusion of Py, the path on 4 vertices, into C5 the cycle on 5 vertices.

Figure 3.6: A counterexample to the “extremal monomorphisms are coretracts” in SiL1Grphs
and SiStGrphs.

As f is injective on vertices, it is a monomorphism, and as Im(f) is a vertex induced sub-
graph of Cs, by Lemma 3.7.1 f is an extremal monomorphism. However, by inspection, there
is no coretract for f.

To show that extremal monomorphisms are regular monomorphism, we note that by Lemma
3.7.3, an extremal monomorphism subobject classifier exists in SiLIGrphs and SiStGrphs.
Then the proof provided for “monomorphisms are regular monomorphisms” in SiGrphs
(as part of Theorem 3.6.1) provides the proof that “extremal monomorphisms are regular

monomorphisms” in SiLIGrphs and SiStGrphs. O
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Theorem 3.7.5. In SiLIGrphs and SiStGrphs

Split Coeq. = Retract == Eff. Epi = Reg. Epi = Ext. Epi—— FEp1.

Proof. As pullbacks and equalizers exist in SiL1Grphs and SiStGrphs, we must only show
that epimorphisms are not extremal epimorphisms, extremal epimorphisms are not retracts,
and extremal epimorphisms are regular epimorphisms.

To show that there are epimorphisms that are not extremal epimorphisms, consider the
inclusion of K§ into K». By Lemma 2.3.14, this is an epimorphism, and by Lemma 3.7.2 as

Im(f) # Ko, it is not an extremal epimorphism.
°l_ ¥
I

Figure 3.7: A counterexample to the “epimorphisms are extremal epimorphisms” in SiLl-
Grphs and SiStGrphs.

For a counterexample to “extremal epimorphisms are retracts” consider the following mor-

phism of Ko + K9 — P3 where P; is the path on three vertices,

Figure 3.8: A counterexample to the “extremal epimorphisms are retracts” in SiL1Grphs,
and SiStGrphs.

where each vertex is mapped to the vertex with the same coloring. As f is surjective on vertex
sets it is an epimorphism, and as I'm(f) = P3 by Lemma 3.7.2 f is an extremal epimorphism.
However no right inverse of f exists.

To show that extremal epimorphisms are regular epimorphisms, we note that by Lemma
3.7.2, extremal epimorphisms are surjective on part sets. Hence the proof provided for “epi-

morphisms are regular epimorphisms” in SiGrphs (part of Theorem 3.6.2) extends to show
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“extremal epimorphisms are regular epimorphisms” in SiL1Grphs. As the morphisms of
SiStGrphs are strict, we must only modify the argument by creating K; components for
vertices of A and K» components for edges in A of the construction of the graph C provided

in the proof of Theorem 3.6.2. O

3.8 The classification of special morphisms in SiLIStGrphs

We now characterize the classification of special morphisms for SiLIStGrphs. SiL1StGrphs
does not have all limits and colimits. In fact, it does not have a terminal object nor coequaliz-
ers, but it has been shown to have products, equalizers, pullbacks, coproducts, and an initial
object. Hence all of the special conditions of Theorem 3.5.1 do not apply. We proceed with 3

lemmas to show that some of the lemmas from Section 3.7 still apply.

Lemma 3.8.1. In SiLIStGrphs an extremal monomorphism is a monomorphism (and hence

Lemma 3.7.1 applies to SiLIStGrphs).

Proof. Let f : A — B be an extremal monomorphism, and suppose there exists e : A — C,
and m : C' — B be such that f = me with m a monomorphism and e an epimorphism.
Then f = me is an epi-mono factorization and hence e is an isomorphism (and hence a
monomorphism). Hence f is a the composition of two monomorphisms and is a monomor-
phism. Therefore, it suffices to show that every morphism f : A — B has an epi-mono
factorization.

We proceed by showing Im(f) is a graph, and then for i : Im(f) — B inclusion, and
f: A= Im(f) defined by f(a) = f(a) for all a € P(A), f = if is an epi-mono factorization
of f.

So define Im(f) = (P(Im(f)), V(Im(f)); Opms)s tim(y)s by P(Im(f)) = {b € P(B)|3a €
P(A) with f(a) = b}, V(Im(f)) = {b € V(B)[3a € V(A) with f(a) = b}, dymp) (b) = D(b),

and ¢z (p)(b) = tp(b).
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We note that if b € P(Im(f)) with by,by € V(B) such that 9gb = (b1_b2), then as
f preserves incidence, for a € P(A) with f(a) = b, there are a1,a2 € V(A) such that
(a1-a2) = 0p(f(a)) = 9p(b) = (b1-b2), and b1,ba € V(Im(f)). Hence Opp(p)y and tym(s)
are well defined. Furthermore, as B is simple and loopless, so is Im(f). Hence Im(f) is a
graph in SiLIStGrphs.

Then an extremal monomorphisms are monomorphisms and by Proposition 2.3.14, the proof
for Lemma 3.7.1 holds for SiL1StGrphs, and f : A — B is an extremal monomorphism if

and only if f is a monomorphism and I'm(f) is a vertex induced subgraph of B. O

Lemma 3.8.2. If f: A — B is an extremal monomorphism in SiLIStGrphs then B +4 B,

the pushout of f with itself, exists.

Proof. Let f : A — B be an extremal monomorphism. We construct B +4 B by append-
ing vertex v’ to B for all v € V(B)\V(Im(f)), appending an edge € to B with incidence
Op+ (') = (vivh) for all e € E(B) with d(e) = (vi-v2) with vi,v € V(B)\V(Im(f)),
and by appending an edge € to B with incidence dp4 ,p(€) = (v]-v2) for all e € E(B) with
Op(e) = (v1vg) with vy € V(B)\V(Im(f)) and vy € V(Im(f)). As B is a simple and loopless
graph, sois B +4 B.

By construction there is a natural inclusion morphism ¢ : B — B +4 B. We define a

morphism g: B — B +4 B by

¢ if xe P(Im(f))
o if xeV(B\V(Im(f))
g(z) =14 2/ if z e E(B) with dp(z) = (x1_r) such that z1,zo € V(B)\V(Im(f))
T if x e E(B) with dp(z) = (z1-22)

such that z; € V(B)\V(Im(f)) and zo € V(Im(f))

As f is an extremal monomorphism, by Lemma 3.8.1 I'm(f) is a vertex induced subgraph

of B. Hence g is a well defined strict morphism. As both ¢ and g preserve Im(f), if = gf,
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and the following diagram commutes.

BT>B+AB

We now show this diagram is indeed a pushout. Let h; : B — Y and hy : B — Y be
such that h1f = haof. Then define h : B+ B — Y by h(z) = hi(z) if x € P(Im(i)) and
h(z') = ha(z) if 2’ € P(B +4 B)\P(Im(i)) with 2’ appended to B in the construction of
B +4 B derived from = € P(B). As hif = haf, hi and hy agree on all x € P(Im(f)).
Hence for all = € i(P(Im(f))), h(z) = h1(x) = ha(x), and by construction of B + B, h is a
well-defined graph morphism.

By definition, hi = hy and as hy and hs agree on Im(f), hg = ha. As h is defined by hy

and ho, it is uniquely defined. Thus the following diagram is a pushout.

A—T . p

O]

Lemma 3.8.3. In SiLIStGrphs, a morphism f : A — B is an extremal epimorphism if and
only if Im(f) = B.

Proof. The proof given for Lemma 3.7.2 also applies to SiL1StGrphs. O

Theorem 3.8.4. In SiLIStGrphs

Split Eq. = Coretract == Eff. Mono = Reg. Mono = FExt. Mono=—=> Mono.

Proof. We must show the following four implications: coretracts are split equalizers, regular
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monomorphisms are effective monomorphisms, extremal monomorphisms are monomorphisms
(given by Lemma 3.8.1), and extremal monomorphisms are regular monomorphisms. We must
also show that extremal monomorphisms are not coretracts, and that monomorphisms are not
extremal monomorphisms.

We begin by showing coretracts are split equalizers. Let f : A — B be a coretract. Then
there is a morphism g : B — A such that gf = 14. We claim f = eq(1p, fg).

As 1pf = f = fgf = (fg)f, f equalizes 15 and fg. Now let d : D — B be such that
1pd = fgd. Define d = gd: D — A. Then fd = fgd = 1gd = d. We show d is unique.

Suppose d’' : D — A is such that fd' = d. Let v € V(D), then f(d'(v)) = d(v) = f(d(v))
and as f is a monomorphism d(v) = d’(v). Hence d and d’ agree on vertices.

Let e € E(D) with d4(e) = (e1_e2) for some e1,ea € V(D). As morphisms are strict d(e) €
E(A) and d'(e) € E(A). As incidence is preserved and d, d' agree on vertices d4(d'(e)) =
(d'(e1)-d'(e2)) = (d(e1)-d(e2)) = Da(d(e)). As the graphs are simple, d(e) = d’(e) and d = d'.
Hence d is unique and f = eq(1p, fg).

Let s=gand s’ = 1p, then sf = gf =14, sl =1glg =1 and s'fg=1pfg= fg= fs.
Thus f is a split equalizer.

Let f : A — B be an regular monomorphism. Then f is an extremal monomorphism by
Theorem 3.5.1. Hence by Lemma 3.8.2 the pushout of f with itself exists, and the general
proof for Theorem 3.5.1 part (1) applies, and f is an effective monomorphism.

We note by Lemma 3.8.1 extremal monomorphisms are monomorphisms. By the proof of
Lemma 3.8.2, given f : A — B an extremal monomorphism and for i¢,g : B — B+ 4 B defined
in the proof, i, g only agree on I'm(f) by construction. Hence f satisfies the classical definition
of equalizer for ¢, g in SiL1StGrphs.

The counterexamples to monomorphisms are extremal monomorphisms and to extremal
monomorphisms are coretracts are the same for SiLIStGrphs as the counterexamples in

SiStGrphs (Theorem 3.7.4). O
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Theorem 3.8.5. In SiLIStGrphs

Split Coeq. = Retract == Eff. Epi = Reg. Epi = Ext. Epi—— FEp1.

Proof. As equalizers and pullbacks exist in SiL1IStGrphs, we must only show that extremal
epimorphisms are regular epimorphisms, epimorphisms are not extremal epimorphisms, and
extremal epimorphisms are not retracts. These proofs follow directly from the proofs given in
Theorem 3.7.5 for SiStGrphs where we note that an extremal epimorphism is surjective on

part sets by Lemma 3.8.3. 0



Chapter 4

The Elementary Theory of the

Categories of Graphs

4.1 The Elementary Theory

In this chapter we will follow the style and notation found in [23] with the exception that we
compose on the left, i.e g: A — B and f: B — C composes as fg = fog: A— C and that
we denote the identity morphism from an object A to itself as idy = A: A — A.

We will simultaneously axiomatize five categories of graphs: Grphs, SiGrphs, SiLIGrphs,
StGrphs, and SiStGrphs. We provide twelve axioms that will hold in all five categories
and then using two to four distinguishing axioms we specify which category of graphs is
axiomatized. The methods to axiomatize these five categories of graphs fail to axiomatize
SiLIStGrphs as SiLIStGrphs fails to have many of the constructions required in this ax-
iomatization (see Axiom 1 and Axiom 10).

We will always assume that we have the axioms which define an abstract category. We will

refer to these axioms as Axiom 0.

7
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Axiom 1. There exists an initial object (denoted 0) and terminal object (denoted 1); every
pair of objects has a product (denoted x ) and a coproduct (denoted + ); every pair of morphisms

has an equalizer and a coequalizer.

We note that this axiom implies that all finite limit and colimits exist.

Definition 1. Given a class € of objects in a category, a mimimal J€-object, A, is such

that A € 3¢ and for every other object C in F€, there is a monomorphism A — C.

Definition 2. A base point object, B, 1s the minimal non-initial projective object.

We note that in the category of topological spaces with continuous functions, the base point
object is a one point space, in the category of abelian groups and group homomorphisms, the
base point object is (Z,+), and in the category of modules over an invariant basis ring, the

base point object is a free module on one generator.

Axiom 2. There is a base point object, V', such that if there is a morphism f: A — 1% from

any object A it is unique. We call V the vertex object.

We note that as there is a morphism V:V = Vanditis unique, it is the only endomorphism
of V. We require the only endomorphism of V to be the identity in order to later show that

0 has no vertices, which we now define.

Definition 3. For a category with a base point object V, a vertex, v, of an object A is a
morphism v:V — A. We denote hom(V, A) by V(A), and use the notation v € V(A) if v is

a vertex of A.

We remark that in the category of topological spaces, V(A) corresponds to the underlying
set of the topological space A, in the category of abelian groups with group homomorphisms
V(A) corresponds the underlying set of the abelian group A, and in the category of modules

over an invariant basis ring V' (A) corresponds to the underlying set of the module A.
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Corollary 1. 0 has no vertez, and 1 has only a single vertex.

Proof. 1 having a single vertex is trivial by the definition of terminal object.

For (), suppose 0 has a vertex z : V — 0. Then as 0 is the initial object, there is a unique
morphism !y, : 0 — V and a unique morphism 0 : 0 — 0. Furthermore, as zly : 0 — 0is an
endomorphism of 0, zly, = 0. As there is a unique endomorphism of V and Lox vV > V,

A~

0. This contradicts the definition of a base point object. O

1%

!va:: V and V

Proposition 1. In a category with Aziom 2, the vertex object Vs unique up to isomorphism.

Proof. Suppose Vi and Vs are vertex objects. As they are both minimal projective objects,
there exists monomorphisms m : Vl — VQ and msy : Vg — Vl. Then momq : Vl — Vl
is an endomorphism of V; and as V4 has a unique endomorphism, mom; = Vi. Similarly

mimeo = ‘72 Hence ‘71 = Vg O

Proposition 2. In a category with Aziom 2, any morphism f : Vo Aisa monomorphism.

Proof. As every morphism to V is unique, this proposition holds trivially. 0

Proposition 3. Let f: A — B be a morphism from object A to object B in a category with
Azxiom 2,

(i) if f is an epimorphism, then f is surjective on vertices, i.e. for every x € V(B), there is
ay € V(A) such that fy = x.

(ii) if f is a monomorphism, then f is injective on vertices, i.e. for every pair of vertices

x,y € V(A) such that x # y, we have fx # fy.

Proof. Part (i): Let f : A — B be an epimorphism. If x : V — B is a vertex of B, then as
V is projective, there is a morphism y : V — A such that fy=n=.
Part (ii): Let z,y € V(A) with fz = fy, then as f is a monomorphism, it is left cancelable

and z = y. O
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We note that our Proposition 1 is not bi-conditional. It actually is only bi-conditional in

SiL1Grphs, SiStGrphs, and SiStL1Grphs (see Proposition 2.3.14).

Axiom 3. FEvery vertex of a coproduct A + B can be factored through one of the injections
in:A— A+ B,ip:B— A+ B, i.e ifxv € V(A+ B), then there is a vertex t € V(A) or

t € V(B) such that x = iat or x = ipt.

Definition 4. In a category with terminal objects and coproducts, an object A is connected

if any morphism f: A — 1+ 1 factors through 1g,t1: 1 — 141, s.e. wla=f orula=f.

This definition is different than the categorial definition usually given for connected. The
standard categorial definition states that an object is connected if it does not admit an epi-
morphism to 1 + 1. However, the graph consisting of just two vertices, K§, satisfies that
definition in StGrphs, but it is not path-connected - the standard “connected” in Graph
Theory.

However, in most categories our definition of connected does imply the standard categorial

definition of connected.
Definition 5. An element of an object A is a morphism = : 1 — A.

Proposition 4. In a category that has an object with more than one element, if A is connected

then A does not admit an epimorphism to 1 + 1.

Proof. Let X be the object in the category with more than one element. Let a,b: 1 — X
be two distinct elements of X, i.e. a # b. Then by the universal mapping property of the
coproduct, there is a unique morphism (a +b) : 1 + 1 — X such that (a + b)ig = a and
(a+b)eg =b. If 19 =11 then a = (a+ b)egp = (a + b)ty = b, a contradiction. Hence ¢y # ¢1.
Now consider a morphism f : A — 1+ 1. As A is connected, f factors through ¢y or ¢1.
Without loss of generality, let f = 1g!4. Now define 7o : 1+1 — 1+ 1 as the unique morphism

prescribed by the universal mapping property of coproduct such that Zgtg = g and g1 = to.
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Consider 7of: Tof = Toto'a = to'a = f = (1 +1)f. Hence iof = (14 1)f. However, as

(i + i)Ll =y and Tot1 = to, 1 + 1 # 7o and f is not an epimorphism. O

We note that in the category of topological spaces with continuous morphisms, connected

is equivalent to Lennes connected.

Definition 6. In a category with terminal objects, coproducts and a vertex object, an arc-edge
object is a minimal, 2-vertex connected object, where a 2-vertex object is an object, A, with

exactly two morphisms from verter object V to A, z, Y V — A with x £ .

We note that the arc-edge object is isomorphic to Ks in any of the six graph categories,
and isomorphic to a directed Ks in directed graph categories. We add an extra condition to

distinguish this object as an edge object.

Axiom 4. There is a unique up to isomorphism arc-edge object, E, along with an automor-
phism 7 : E — E such that for the two vertices a,b € V(E), ra =b and b = a. We call E

the edge object.

We also include the definition of an edge, but the reason for including this axiom this early

is to have objects with more than one vertex in the category.

Definition 7. An edge, e, of an object, A, is an unordered pair of distinct morphisms e =

(ele—>A,62:E'—>A) with e1 = egT.

We now continue with the elementary theory.
Definition 8. Define the object QV =V4+V

Proposition 5. The two injections ig : V- QV and i : V = QV are different and they are

the only vertices of Qf/.
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Proof. Asa,b:V — E with a # b, there is a morphism (a+b) : 2 — E such that (a+b)ip = a
and (a + b)i; = b. If iy =141, then a = (a + b)ip = (a + b)i; = b. Hence ig # i;.

Now let ¢ : V — QV' By Axiom 3, there is a morphism ¢ : V — V such that ¢ = gt or

¢ = i1t. However, as t is a endomorphism of V it is the identity, and ¢ = ig or ¢ = ;. O

We now turn to axiomatizing Sets as a subcategory of the six categories of graphs, using
discrete objects. Our definition of discrete objects is an augmentation of Schlomiuk’s definition

23],

Definition 9. In a category with a vertex object and pullbacks, an object A is a discrete
object if for all x € V(A), there exists a morphism f, : A — Qf/ such that f,y # fyx for all

y € V(A) withy # x, and for i : V- QV with fyx =1, the following diagram is a pullback.

V-4
Vl p.b. ifm

)

In the category of topological spaces with continuous morphisms (as well as in Sets), the
above definition of a discrete object concretely coincides with the discrete objects defined by
Schlomiuk. We require the added pullback property in Grphs to discount graphs with loops

on each vertex (but no non-loop edges) as being discrete.

Proposition 6. 0, V, and QV are discrete objects.

Proof. We first note that 0 satisfies the conditions vacuously.
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As V : V — V is unique, it has a single vertex and fy =to: vV — Q‘A/ satisfies the condition
of f‘;f/ # foy forally € V(V) with y # V vacuously. Now consider the following commuting

diagram.

[ /g
-
—
For any object X with f,g: X — V with iof = igg, by definition of V, f=gand f: X — 1%
is the unique morphism such that Vf = f = Vg (it is the unique morphism period). Thus

the diagram is a pullback.

Now we consider QV' We note that by Proposition 4 V(QV) = {ig, 11}

Define f;, = fi, = QV : QV — QV' Clearly Qvio #* Q(/il- Consider the following commuting
diagram.

v

<

0 A
2y
- s
i0 v
Let g: X — Vand h: X — QV such that igg = ?Vh = h. Hence g : X — V is the unique
morphism such that igg = h (and g = gV) Thus the diagram is a pullback. O

Axiom 5. For every morphism f : A — B such that A # 0 and B is discrete, there exists
g: B — A such that fgf = f.

This axiom is provides the Axiom of Choice for discrete codomains, the weaker form of the

Axiom of Choice that holds in the categories of graphs.
Axiom 6. All objects A with A %0 have V(A) # 0.

Proposition 7. If A % 0 is a discrete object, then there is a morphism A — 14 (and it is

unique).
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Proof. As A % 0, by Axiom 6 there is a morphism z : V — A. By Axiom 5, there exists a

g: A — V such that zgz = z. Then by Axiom 2, g is unique. O

Axiom 7. For every object A, there exists a discrete object |A| together with a morphism
ta : |A| — A such that for every discrete object B and morphism f : B — A, there ezists a

unique f : B — |A| such that f =taf and the following diagram commutes.

B
l X
af
|A| — A
ta
We note that |A| is unique up to isomorphism and | — | is functorial. Furthermore as a
functor, | — | is right adjoint to the inclusion functor of discrete objects (it is a coreflector).

Proposition 8. In a category with Aziom 7, if A is a discrete object then A = |A|.

Proof. Let A be a discrete object, then t4 = A : A — A trivially satisfies the universal
mapping property. Let |A| and ¢4 : |A] — A be the object prescribed by Axiom 7. Then as
A: A — Ais amorphism from a discrete object to A, there exists a unique t4 : A — |A| such
that t4t4 = A. Then as A satisfies the universal mapping property, t4 : |[A| — A is unique,
and taty : |A| — |A| is the unique morphism such that t4 = tatat4. However, as t4 = t4|A|,

tata =|A|. Hence A = |A|. O

Proposition 9. In a category with Axiom 1 and Axiom 7, the finite limit of discrete objects

1s discrete.

Proof. As |—| has a left adjoint (inclusion) it is left continuous. Hence | —| commutes with left

limits. Furthermore, if A is discrete then |A| = A. Hence ligl(Ai) = lgn(|Al\) =y hgn(Al)| O

Proposition 10. In a category with Aziom 2 and Axiom 6, if A is discrete and f: A — 1%

is a monomorphism, then A=0 or A~ V.
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Proof. If A = 0 then the proposition holds, so assume A % 0 and f : A — V is a monomor-
phism. Then as A % 0, V(A) # 0 by Axiom 6. Hence there exists 2 : V — A. As f is a
monomorphism, z is unique. For if there exists ay: V — A, fr = fy: A — Vand z = Y.
By Axiom 2 the only endomorphism of V is V, then as fz : V — V is an endomorphism of
V, fz = V. To show that zf = A, we must first show A has only one endomorphism. Let
g,h: A— A. Then as xf : A — A is unique, zfg = zfh. By hypothesis and proposition
2, both f and x are monomorphisms and g = h. Then as A only has one endomorphism,

zf = A Thus A~ V. O

Proposition 11. In a category with terminal objects and Axioms 2,5,6, and 7, m =V,

Proof. By proposition 7, every discrete object A has a unique morphism Va:A— V. Then
by proposition 9, |i| is the terminal object for discrete objects. Hence, as the terminal object

A~

is unique up to isomorphism, |1| 2 V. O

Axiom 8. For every discrete object A and object B, there exists an object BA and a morphism
ey : Ax B4 = B (called evaluation) such that for every object X and morphism f : AxX — B
there exists a unique morphism f : X — B4 such that e,(A x f) = f and the below diagram

commutes.

Note, in a category with Axiom 8 and Axiom 1, we have the law of discrete exponents and

if A is discrete, then A x (B+C) = (Ax B) + (A x C).

Proposition 12. If A and B are discrete objects, then |BA| and |e,| : A x |B4| — A satisfies

the definition of exponentiation with evaluation for discrete objects X.
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Proof. Let A, B and X be discrete. We apply | — | to the diagram in Axiom 8.

|A x X|
IAXfIi
A% B ——|B
€y

]

By propositions 8 and 9, |[A x X| = A x X, |B| = B and |A x B4| = A x |B4|. Using these

isomorphisms we obtain the following commuting diagram.

Ax X
Axmi f

Ax|BA|ﬁ>B
€y

We now note that [f| : X — |B4| is the unique morphism such that tga|f| = f by Axiom 7,

and is unique as f is unique. O

Axiom 9. There exists a discrete object N together with morphisms "07 : V — N and
s : N — N such that for every morphism "x™ : V = X and r: X — X with X a discrete
object, there exists a unique T : N — X such that 0" = "x and Ts = rx so that the

following diagram commutes.

g O NS N
X
X=X

We note that Axiom 9 is the axiom of the “Natural Number Object” for discrete objects as
|i| 2 V which is given by Proposition 11.

We include the following definition for completeness (see Definition 3.4.5).

Definition 10. A morphism f : A — B is an extremal monomorphism if f does not fac-

tor through any proper epimorphism, i.e. if f = me with m a monomorphism and e an

epimorphism, then e is an isomorphism.
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Proposition 13. If f : A — B be a monomorphism and B be discrete then f is an extremal

monomorphism.

Proof. Let e : A — C be an epimorphism and m : C — A be a monomorphism such that
f = me, i.e. me is a epi-mono factorization of f. Suppose A = 0. If V(C) # 0, then for
z:V = C, as Vs projective, there exists 7 : V — 0 such that ez = z. However 0 has no
vertex by Corollary 1, a contradiction. Thus V(C) = ), and by the contrapositive of Axiom
6, C = 0 and e is an isomorphism.

Suppose A 2 0. Then by Axiom 5, there exists a morphism g : B — A such that fgf = f.
As f is a monomorphism, we left-cancel to obtain gf = A. We consider gm : C' — A. First we
note (gm)e = gf = A. Then as e(gm)e = egf = e and e is an epimorphism, we right-cancel

to obtain e(¢gm) = C. Hence e is an isomorphism and f is an extremal monomorphism. [

Axiom 10. There exists an extremal monomorphism subobject classifier Q). That is, there
exists and object Q with morphism T : 1 — Q such that for any f : A — B an extremal
monomorphism, there exists a unique xa : B — ) such that the following diagram is a
pullback.

A2

! A
1
f p.b. lT

B——0Q
XA

Proposition 14. |Q| is a subobject classifier for discrete objects.

Proof. Let A and B be discrete objects with a monomorphism f : A — B. Then by proposition
13, f is an extremal monomorphism. Then by Axiom 10, there exists a unique x4 : B —

such that the following diagram is a pullback.

!
A 4A>

1
1 pe lT
B—=9
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Applying | — | to the diagram preserves the diagram being a pullback by proposition 9. We
obtain the following.

lal =
| Al ——[1]

fll p-b. iIT

| B| — (€]
[xal

By propositions 8 and 11, [A| = A, |B| = B, and |1| = V. Letting V4 : A = V, Ty =[¢]
and |x|4 : B — || be given by the isomorphisms for |! 4], | T| and |x 4| respectively, we obtain
the following pullback diagram.

A Ay

Q

B—— ‘
Ix|a

By proposition 7, V is the terminal object for discrete objects. So we must only show |x|4 is
unique. So we note that |x|4 : B — || is the unique morphism such that tq|x|4a = xa by

Axiom 7, and is unique as x4 is unique. ]

Theorem Schema 1. If ® is a theorem of the elementary theory of the category of sets
(17,16,25] ) and ® is obtained from ® by replacing “object” with “discrete object”, then ® is a

theorem in any category satisfying Axioms 1-10.

Proof. 1t suffices to prove the theorem in the case that ® is an axiom of the elementary theory
of the category of sets. We choose to use the six Lawvere-Tierney axioms for the category of
sets [7,16,25]. They are as follows.

LT 1) There exists finite limits.

LT 2) There exists exponentiation with evaluation.
LT 3) There exists a subobject classifier.

(LT 1)

(LT 2)

(LT 3)

(LT 4) There exists the axiom of choice.

(LT 5) There exists a natural number object.
(LT 6)

LT 6) There exists 2-valued internal logic (i.e. the only subobjects of 1 are 0 and i).
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We note that (LT 1) holds by proposition 9, (LT 2) holds by proposition 12, (LT 3) holds
by proposition 14, (LT 4) holds by Axiom 5, (LT 5) holds by Axiom 9, and (LT 6) holds by

propositions 10 and 11. ]

We now can obtain the following propositions from the above schema.
Proposition 15 ([16] |Q] is Boolean). Q| =V +V = QV
Proposition 16 ([16] The Fundamental Morphism Theorem for Discrete Objects). If f :

A — B is a morphism with A and B discrete, then there exists an isomorphism f such that

the following diagram commutes,

k Po f o k*
Ry —— A x A?AHB:B+B*>R}
1 21
=t
I - — > I*
af

where k = eq(fpo, fp1), ¢ = coeq(pok, p1k), k* = coeq(iof,i1f), and ¢* = eq(k*io, k™i1).
Proposition 17 ([15] Cantor-Schroeder-Bernstein Theorem). If X and Y are discrete objects
with monomorphisms m1 : X — Y and mg:Y — X, then X 2Y.
Proposition 18 ([16] 1 is a generator). If A and B are discrete with f,g: A — B and f # g,
then there is a vertez v: V — A such that fv # gv.
Proposition 19 ([16] - Theorem 5). Let A and X be discrete objects with monomorphism
a: A X. Then there exists a discrete object A" with monomorphism o' : A' — X such that

X 2 A+ A" with a,a’ the injections.

We now concern ourselves with graph properties, we have defined a vertex in Definition 3

and an edge in Definition 7. We now work to define a loop.

Definition 11. Given a vertex b € V(B), a constant vertex-b morphism from an object A to
B, denoted "b: A — B, is such that there exists Vi: A=V with b = bVy. If a morphism

factors through V in this way, we call the morphism a constant vertex morphism.
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With this definition we can use the edge object to define a loop.

Definition 12. A loop of an object A is a morphism € : E — A such that {1 = ¢ and £ is not

a constant vertex morphism (i.e. ¢ does not factor through V)

We will now concern ourselves with defining incidence. To do this, we will first require a

categorial definition of “unordered product”.

Definition 13. The twist morphism of a self product V x V', is the unique morphism t,, :

VXV = V xV such that for pg,p1 : V xV — V the canonical projection morphisms,

potw = p1 and p1ty, = po.

Definition 14. Given an object V, the unordered product VxV is defined as the coequalizer
object, VXV = Coeq(V x V ty) of VXV ity : VXV -V xV.

We now show the unordered product is functorial.

Proposition 20. Given f : X — Y, there exists a unique fxf : XxX — YxY such that

(fxf)eoeq(X x X, ty,) = coeq(Y x Y, tw, )(f x f).

Proof. Let cg = coeq(X XX, ty, ) : XXX — XxX, and ¢; = coeq(Y XY, ty, ) : Y XY — VY.
Hence coty,, = co(X xX) and ¢1ty, = c1(Y XY). Let po,p1 : X xX = X, mp,m1 : Y XY =Y
be the canonical projection morphisms. Then poty, = p1, Pitwy = Po, Totw, = 71, and
Titw, = mo. Furthermore, as product is functorial, there exists f x f: X x X =Y x Y such
that mo(f x f) = fpo and m1(f x f) = fp1.

Consider motyy (f X ftwy: Totwy (f X [ltwy = T1(f X fltwy = fPitwy = fpo. Similarly
Titwy (f X f)twy = fp1. However, f x f is the unique morphism such that mo(f % f) = fpo
and m(f x f) = fp1. Hence f X f =ty (f X ftwy-

Consider ¢ (f X f)twy: c1(f X [twy = c1(Y XY)(f X twy = citwy, (X twy =c1(fxf) =
c1(f x f)(X x X). Thus by the universal mapping property of X xX, there exists a unique
morphism fxf: XxX — YxY such that (fxf)co = ci1(f x f). O
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Definition 15. The unordered diagonal morphism A : X — XxX is defined as A = coeq(X x

X, twy )A for A: X — X x X the diagonal morphism.

We will first determine the incidence of each part of an object and then work on an incidence

morphism.

Definition 16. Let a € V(E).

1. Let (e1-e3) be an edge of an object A. We say (e1-e3) is incident to vertex |ejal : V — | A
and vertex legal : V — |A| for |e1al, |esa| the unique vertices prescribed by Aziom 7 such

that taleral = era and tylesal = esa.

2. Let € be a loop of an object A. We say loop ¢ is incident to vertex |Ca| for |la| the unique

vertex prescribed by Axiom 7 such that t g|la| = la.

3. Let v be a vertex of A. We say vertex v is incident to |v| for |v| the unique vertex

prescribed by Axiom 7 such that ta|v| = v.

We note that the choice of a € V(E) wont effect the vertices the part is incident to (provided
the pair of vertices an edge is incident to is unordered), as for b € V(E) the other vertex of

E, e1b=e17a = esa, eab = esTa = eja, and £b = f1a = fa.

We now create a “part set” object and define incidence.
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Axiom 11. Let a € V(E) Given an object X, there exists a minimal discrete object Px

along with a monomorphism vx : | X| — Px and morphism Ox : Px — | X|x|X| such that,

1. Oxtx = Ay,

2. for any edge (e1-e3) of X with incident vertices (|leyal_esal), there exists e : V — Px
with Oxe = coeq(ty, | X| x | X|)(leral X |ega|) and for any other distinct edge (f1-f2),

with f € V(Px) the corresponding vertex, e # f,

3. and for any loop £ of X incident to |la| : V — |X|, there exists vertex {* : V — Px
with Oxl* = Ax |la|, £* # 1allal, and for any other distinct loop j, with j* € V(Px) the

corresponding vertex, £* # j*.

Again we note that the choice of a € V(E) does not effect incidence, as coeq(ty, | X| x
(XD (Jeral x lezal) = coeq(tuw, | X| x |X[)tw(|era] X |eaal) = coeq(tw, [ X| x | X])(|ezal x [e1a]).

We now proceed to prove a useful property about Px.

Proposition 21. Given an object X, the discrete object Px prescribed by Axziom 11 is unique

up to isomorphism.

Proof. Suppose Py and P% both satisfy the conditions in Axiom 11 for X. Then as they are
both minimal such objects, there are monomorphisms m; : Px — P% and mgy : P§ — Px.

Hence, by Proposition 17, Px = P. O

We now work to provide an axiom to extend a morphism between objects A and B to a

morphism between P4 and Pg.
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Proposition 22. If (ej-e3) is an edge of A and f: A — B, then

1. if fer # fes then (fei_fes) is an edge of B,

2. orif feg = fea then fey is a loop of B or a constant vertex morphism.

Proof. First suppose fe; # fea, then as fe;m = fea, (fei_fea) is an edge of B. If fe; = fes
then fei7 = fes = fe; and fe; is either a loop or a constant vertex morphism by definition

of a loop. n

Proposition 23. If ¢ is a loop of A and f : A — B then f{ is either a loop of B or constant

vertex morphism.

Proof. As {1 = £, flr = f£ and by definition of a loop, f¢ is a loop or constant vertex

morphism. O

Axiom 12. Let f : A — B, then there exists a morphism fp : P4 — P such that fpia =
tg|f| and Osfp = (|f|x|f|)Da, for |f] : |A| — |B| the unique morphism prescribed by Aziom
7 such that fty = tp|f|, such that for p € V(Py)

1. if p corresponds to an edge (e1_e2) of A, then (fei_fes) is an edge of B and fpp = fe
for fe the vertex of Pp corresponding to (fei-fea), fe1 is a loop of B and for fej the
corresponding vertex in Pp, fpp = fe], or fe1 is a constant vertex morphism such that
fer = UVE for v € V(B) and fpp = tp|v| for |v| the unique vertex of |B| such that

v =1pglv|,

2. or if p corresponds to a loop £ of A, then f{ is a loop of B and fpp = f€* the cor-
responding vertex of Pp, or ff is a constant vertex morphism such that f€ = UVE for

some v € V(B) and fpp = tp|v| for |v| the unique vertex of |B| such that v = tg|v|.
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We note that for f : A — B and p € V(Py4) such that there is a vertex v € V(|A|) with
p = tav, then fpp = 1p|flv, for as fpia = tB|f], frp = frtav = tB|f|v.
Before providing the last axioms for each category, we need another two propositions that

will hold in all five categories.

Proposition 24. If f : A — B is a monomorphism and B is discrete, then A is discrete.

Proof. As f is a monomorphism, by Proposition 3 f is injective on vertices. For = € V(B)
let g, : B — QV be the morphism given in Definition 9 such that g,y # g, for all y € V(B)
with y # 2. Hence as f is injective on vertices, for all vertices a € V(A), grafa # gfafz for
all vertices z € V(A) with z # a. Hence the first condition of discrete objects is satisfied by
A.

Now consider the following diagram where i is the injection morphism given by Definition

9 such that i = g, fa. We will show it is a pullback.

|- |

|4

9fa

N

We note that the bottom square is a pullback by Definition 9. We show the top square is a
pullback.
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Solet h: C — Aand k: C — V be such that fh = fak. As f is a monomorphism, h = ak.
Hence k : C — V is such that h = ak and Vk = k. As morphisms to V are unique by Axiom

2, k is unique, and the top square is a pullback. Hence

and by the pullback lemma [1], the diagram is a pullback, and by definition A is discrete. [

Proposition 25. If f: A — B is a morphism with A and B discrete objects and f injective

on vertices (i.e. for all z,y € V(A) such that x # vy, fx # fy) then f is a monomorphism.

Proof. If A = 0 then the proposition holds vacuously. So suppose A % 0, then by Axiom 5
there exists g : B — A such that fgf = f. Consider gf. If gf # A, then by Proposition 18
there is a vertex x € V(A) such that gfx # Az or gfr # x. As f is injective on vertices,

fofx # fx and fgf # f, a contradiction. Hence gf = A and f is a monomorphism. O

The following axioms will be used to specialize the category we are in. The first set of axioms
describe what objects correspond to a pair of discrete objects P4, V4 with a monomorphism
ta : Va — Py and an incidence morphism 04 : P4 — VaxV4. The second set of axioms
provide morphisms between objects if there are certain morphisms between their associated

part discrete objects.

Axiom 13 (Grphs). For every pair of discrete objects Pa,Va with monomorphism T4 :
Va — P4 and morphism 04 : Py — VaxVa such that 0aTaz = IA for IA Va4 — VaxVy
the unordered diagonal morphism, there exists an object A such that there are isomorphisms

¢a:|Al = Va and Y4 : Pa — Pa such that Taga = tatha and (paxda)0a = Oatha.
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This axiom for Grphs establishes that there is always an object that corresponds to any

incidence morphism 0 and vertex inclusion morphism ¢ with ¢ = A.

Axiom 13 (SiGrphs). For every pair of discrete objects P,V with monomorphism T4 :
Vi — P4 and morphism 04 : Py — VaxVa such that Oata = IA for IA Va4 = VaxVy
the unordered diagonal morphism, and for all a,b € V(Pa) such that for all v € V(Vy)
a # Tav and b # T4v, we have a # b implies Oaa # Oab, there exists an object A such that
there are isomorphisms ¢4 : |A| — Va and 4 : Pa — Pa such that Taga = 1atha and

(paxpa)0a = Oatha.

Axiom 13 (SiL1Grphs). For every pair of discrete objects Pa,Va with monomorphism T4 :
Vi — P4 and morphism 04 : Py — VaxVa such that Oata = IA for IA Va4 = VaxVy
the unordered diagonal morphism, for all a,b € V(Pa) such that for allv € V(V4) a # Tav
and b # Tav, we have a # b implies Opa # Oab, and for all a € V(P4) such that for all
v € V(Va), tav # a, we have daa # A,y for all y € V(Va), there exists an object A such
that there are isomorphisms ¢4 : |A| — Va and ¥4 : Pa — P4 such that Taps = taa and

(Paxda)da = 0atpa.

Axiom 14 (Grphs). If A and B are objects such that there are morphisms fp : P4 — Pp and
fv i |A| = |B| for Pa, Pp the discrete objects prescribed by Aziom 11 such that fpia = tpfy
and Opfp = (fvxfv)0a, then there exists a unique morphism g : A — B such that there is
a morphism gp prescribed by Aziom 12 with gp = fp and |g| = fv for |g| : |A| — |B| the

unique morphism prescribed by Axziom 7 such that gt = tglg|.

This axiom establishes a morphism between objects if there are certain morphisms between

part discrete objects.

Proposition 26 (Grphs). If A and B are objects with isomorphisms ¥4 : P4 — Pp and
oA Al — |B| with tppa = Yata and Opa = (paxpa)da, then A= B.

Proof. By Axiom 14 (Grphs) there exists a unique g : A — B such that there is a morphism
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gp = ¥4 and |g| = ¢4. Now consider 1/121 : Pg — P4 and ¢;11 2 |B| — |A|l. As tpda =pata,
Va'tpda = 4 and ¥ilep = ey As Opa = (94%04)0a, (¢ ¢4 )0pta = Oa and
((l)zlxaﬁgl)ﬁB = OAzbZI. Hence Axiom 14 (Grphs) applies and there exists a unique f : B —
A such that there is a morphism fp = 1/121 and |f| = qS;ll.

Then as ¢pa¢ ;" = |B|, Yay" = Pp, Ppip = t5|B|, 0pPp = (|B|x|B|)dp, and B : B — B
is the unique morphism that satisfies Axiom 14 (Grphs), gf = B. Similarly fg = A, and
A= B. O

Axiom 14 (StGrphs). If A and B are objects such that there are morphisms fp : P4 — Pp
and fy : |A| — |B| for Pa, Pp the discrete objects prescribed by Axiom 11 such that fpiy =
tafy Ofp = (fvxfy)0a, and for all a € V(Pa) such that for all v € V(|A|), a # tav we
have fpa # vgy for all y € V(|B|), then there exists a unique morphism g : A — B such that
there is a morphism gp prescribed by Aziom 12 with gp = fp and |g| = fv for |g| : |A| — |B]

the unique morphism prescribed by Aziom 7 such that gt = tp|g|.

Proposition 26 (StGrphs). If A and B are objects with isomorphisms 14 : P4 — Pp and
oA |Al = |B| with tppa = ara and Optha = (paXpa)0a, then A= B.

Proof. 1t suffices show the isomorphism ¢4 : P4 — Ppg respects the property that for all
a € Py such that for all v € |A| a # t4v we have Y a # tgy for all y € |B|. The proof will
then follow from the proof of Proposition 26 (Grphs).

We proceed by contrapositive, suppose there exists a y € V(|B]) such that ¥ 4a = tpy
for a € V(P4). Then as tppa = ¥ata and ¢4 is an isomorphism, tp = 1/JALA¢;11. Hence
Paa = wALAgbZly and as Y4 is an isomorphism a = LAgb;lly and for v = ¢Zly, a = tpv for

v e V(A)). O

Axiom 15 (SiGrphs). For any object A and for Pa, ta, and 04 given by Aziom 11, for any
a,b € V(Py4) such that a # b, a corresponds to an edge or loop, and b corresponds to an edge

or loop, then Opa # Oab.
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Axiom 16 (SiL1Grphs). No object has a loop and for any object A and for Pa, 14, and 04
given by Aziom 11, for any a € V(Py4) such that a corresponds to an edge, daa # A 4y for all
y e V(A]).

Axiom 16 (StGrphs). Given a morphism f: A — B, there ezists an fp provided by Axiom
12 such that if © € V(Py) such that for all v € V(JA|), tav # x, then for all y € V(|B|),

fpx # tBy.

4.2 Metatheorems

In this section we show that the elementary system of axioms which we have constructed,
along with one non-elementary axiom form a characterization of the five categories of graphs.
The proofs are informal but could be formalized with sufficiently strong set theory.

We will restrict our discussion to locally small categories, i.e. categories with the property
that the class of mappings from an object A to an object B is a set. We will characterize each
of the five categories using two metatheorems. The first metatheorem will show a functor
equivalence between the standard set theory category of graphs, and a category of graphs
constructed over Lawvere’s system of set theory [16]. The second metatheorem in the pair
will show a functor equivalence between our elementary system with the axiom of completeness
to the category of graphs constructed over Lawvere’s system of set theory. We first define

these categories of graphs over Lawvere’s system of set theory.

Definition 17. Suppose D is a category satisfying Lawvere’s elementary axioms for the cat-
egory of Sets. Denote by Grphsp the category whose objects X are ordered 4-tuples, of two
objects followed by two morphisms in D, (Px,Vx;tx : Vx — Px,0x : Px — VxxVx) such
that for Ax : Vx — VxxVx, the unordered diagonal morphism, Oxtx = Ay, and whose
morphisms f : A — B are ordered pairs of morphisms in D (fp : P4 — Pp, fy : V4 — Vp)

such that fpia = tpfy and Opfp = (fuxfv)oa.

Proposition 27. Grphsp is indeed a category.
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Proof. We first note that composition of morphisms is a morphism. Let (Pa,Va;ta,04),
(PB,VB;tp,0B), and (Pc, Vs ue, Oc), be given objects with morphisms (fp : P4 — Pp, fv :
Va4 — Vg) and (gp : P — Pc,gv : VB — V¢). Then (gp,gv)(fp, fv) = (9pfr,g9v fv) is a
morphism as gp fpia = gpipfv = togv fv and Ocgp fr = (9vxgv )0 fr = (gvxgv)(fvxfv)0a,
and by the universal mapping property of unordered product of morphisms (gy xgy)(fvxfv) =
gv fvxgv fv.

Composition is associative as composition of morphisms in D is associative. Given an object
(Pa,Va;ta,04), (Pa,Vya) forms the local identity. As Patg = tg = t4Va and 0gPy = 04 =

(VaxV4)0a, (Pa,V4) is a morphism. O

Definition 18. Given a 4-tuple (Px,Vx;itx : Vx — Px,0x : Px — VxxVx) of objects and
morphisms in D, a category satisfying the Lawvere’s elementary axioms for the category of
Sets, the simple restriction on these 4-tuples is for a,b: 1 — Px with a # b such that for

allv:1— Vy, ixv % a and txv # b, we have Oxa # Oxb.

Definition 19. Given a j-tuple (Px,Vx;tx : Vx — Px,0x : Px — VxxVx) of objects
and morphisms in D, a category satisfying the Lawvere’s elementary axioms for the category
of Sets, the loopless restriction on these j-tuples is for a : 1 — Px such that for all

v:l— Vy, va#awehaveaxa;ééxyforally:iﬁv.

Definition 20. Given two 4-tuples (Pa,Va;ta : Va4 — Pa,04 : P4 — VaxVy4) and (P, VB;ip :
VB — Pp,0p : Pp — VpxVp) of objects and morphisms in D, a category satisfying the Law-
vere’s elementary axioms for the category of Sets, along with two morphisms fp : P4 — Pp
and fy : V4 — Vp, the strict restriction on the morphism pair (fp, fv) is for a : 1> Py

such that for all v : 1— Vx, txv # a we have that for all x : 1— VB, fpa # iBx.

Definition 21. Suppose D is a category satisfying Lawvere’s elementary azioms for the cat-
egory of Sets. Denote by SiGrphsp the category whose objects X are ordered 4-tuples, of
two objects followed by two morphisms in D, (Px,Vx;tx : Vx — Px,0x : Px — VxxVx)

such that Oxtx = Ax with the simple restriction, and whose morphisms f : A — B are
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ordered pairs of morphisms in D (fp: P4 — Pp, fy : Va — V) such that fpia = tpfy and

Opfp = (fvxfv)oa.

We note that SiGrphsp is a category as the proof given in Proposition 27 holds here.

Definition 22. Suppose D is a category satisfying Lawvere’s elementary axioms for the cat-
egory of Sets. Denote by StLIGrphsp the category whose objects X are ordered 4-tuples, of
two objects followed by two morphisms in D, (Px,Vx;tx : Vx — Px,0x : Px — VxxVx)
such that Oxtx = Ax with the simple restriction and the loopless restriction, and whose
morphisms f : A — B are ordered pairs of morphisms in D (fp : P4 — Pp, fy : V4 — Vp)

such that fpia = tpfy and Opfp = (fvxfv)oa.

We note that SiLIGrphsp is a category as the proof given in Proposition 27 holds here.

Definition 23. Suppose D is a category satisfying Lawvere’s elementary axzioms for the cate-
gory of Sets. Denote by StGrphsp the category whose objects X are ordered 4-tuples, of two
objects followed by two morphisms in D, (Px,Vx;tx : Vx — Px,0x : Px — VxxVx) such
that for Ay : Vx — VxxVx, and whose morphisms f : A — B are ordered pairs of morphisms
in D (fp: Px — Pp, fv : Va — V) such that fpiy = tpfv and Opfp = (fyxfy)0a and

(fp, fv) have the strict restriction.

Proposition 28. StGrphsp is indeed a category.

Proof. Using the proof given in Proposition 27, we must only show that the composition of
two morphisms with the strict restriction still has the strict restriction. So let (fp, fv) :
(Pa,Vaj;ta,04) = (P, Vp;ip,0p) and (gp,gv) : (PB,VB;tp,08) — (Pc,Vesie,dc), and
consider (gp, gv)(fp, fv) = (9pfp, gv fv). Let a: 1 — P4 be such that for all v : 1 — V4 has
a # tav. Then fpa is such that for all x : 1— Vi, fra # tpx. Hence for all y : 1— Ve,

gpfpa # tey. Hence (gp, gv)(fp, fv) has the strict restriction and StGrphsp is a category. [
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Definition 24. Suppose D is a category satisfying Lawvere’s elementary azioms for the cat-
egory of Sets. Denote by SiStGrphsp the category whose objects X are ordered 4-tuples, of
two objects followed by two morphisms in D, (Px,Vx;tx : Vx — Px,0x : Px — VxxVx)
such that for Ax : Vx — VxxVx with the simple restriction, Oxtx = Ax, and whose
morphisms f : A — B are ordered pairs of morphisms in D (fp : P4 — Pp, fy : V4 — Vp)

such that fpta = tpfy and Opfp = (fvxfv)0a and (fp, fv) have the strict restriction.

We note that SiStGrphsp is a category as the proof from Proposition 28 holds here.

We now proceed to the metatheorems.

Metatheorem 1. Let D be any locally small category such that D is a model of Lawvere’s
system of axioms for the category of sets. If D is complete then Grphsp is equivalent to

Grphs.

Proof. As D satisfies Lawvere’s axioms and D is complete, there exists a functor equivalence
H':D ~—Sets, by H'(A) = homp(1, A) and for f: A — B,
H'(f) : homp(1, A) — homp(i, B) by a — fa.

We define F' :Grphsp ~—Grphs as follows.
F((Pa,Va;t4,04)) = (HY(Pa), H'(V4), H (14), v AH'(04)) where
ha : HY(VaxVy) — HY(Va)xH'(V4) is the canonical isomorphism given as H' preserves
limits and colimits. For morphisms F((fp, fv)) = (H'(fp), H'(fv)).

We now proceed to show F is functor. As H' is an equivalence of categories, H' (1)
is a monomorphism as ¢4 is a monomorphism and the preservation of limits and colimits
yields, for Apiiay : H'(Va) = H'(Va)xH'(Va), Apiay = YaH' (Ay). As Ay = daca,
Apra) = YaHY(A,) = aHY(Oata) = YaHY(Oa)H (14). Hence F((Pa,Va;14,04)) is an
object in Grphs.

Now consider F'((fp, fv)) for (fp, fy) a morphism from (P4, Va;t4,04) to (P, Vp;tp,0B).
Then H'(fp)H'(ta) = H'(fpta) = H'(upfv) = H'(up)H'(fv) and YpH' (9p)H'(fp) =
vpH' (Opfp) = vpH' ((fr<fv)a) = bpH' (fvxfv)H" (a) = (H'(fv)xH' (fv))YaH" (da),
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where Y H (fyxfy) = (H'(fy)xH'(fy))v4 as 14, p are the canonical isomorphisms given
by H! preserving limits an colimits. Hence (H'(fp), H'(fy)) is a morphism in Grphs.

We note that as H! is a functor, F'((Pa,Va)) = (H'(P4), H'(V4)) and local identities are
preserved. We are left with checking that composition is preserved.

Let (fp, fv) : (Pa,Vajta,04) — (Pp,VB;tp, 0p) and

(9p,9v) : (PB,VB;tp,0) — (PB,Vp;tp,0p) and counsider F((gp,gv)(fp, fv)):
F((gp,gv)(fr, fv)) = F((gpfr.gviv)) = (H (gpfr), H (v fv))

= (H'(gp)H'(fp), H' (9v)H' (fv)) = (H'(gp), H' (9v))(H (fp), H' (fv))

= F((gp,gv))F((fp, fv)). Hence F' is a functor.

We now establish a functor equivalence by proving F' is faithful, full, and dense (every object
C in Grphs is isomorphic to F'(A) for some object A in Grphsp).

We begin by showing F is faithful. Let (fp, fv), (9p, 9v) : (Pa,Va;ta,04) — (Pg,VB;tB,0B)
be such that F((fp, fv)) = F((gp,gv)). Then as H' is an equivalence of categories, it is faith-
ful and H'(fp) = H'(gp) implies fp = gp and H'(fy) = H'(gy) implies fyy = gy. Thus
(fp, fv) = (9p,9v) and F is faithful.

We now establish F' is full. Let (fp, fv) : F((Pa,Va;ta,04)) = F((Pp,Vp,tB,0p)). Hence
fp: HY(Py) — HY(Pg) and fy : H'(V4) — H'(Vg) such that fpH'(14) = H'(1p)fy and
(fvxfy)baHY (04) = vpH (Op) fp. As H! is an equivalence of categories, H' is a full func-
tor, and hence there exists gp : P4 — Pp and gy : V4 — Vg such that H'(gp) = fp and
H'(gy) = fv. We show (gp, gv) is a morphism of Grphsp.

As H'! is faithful and H'(gpta) = fpH' (14) = H' (t8)fv = H' (tegv), gpta = tgy. Now
consider ypH' (Opgp): YH' (dpgp) = vpH"(05)fr = (fvxfv)baH"(Da)
= (H'(gv)xH"(gv))baH"(9a) = YpH' (9vxgv)H'(0a) = ¥H'((9vxgv)da). As p is an
isomorphism and H'! is a faithful functor, dggp = (gvxgy )94 and g is a morphism. Hence F'
is full.

We establish that F is dense. Let (Px, Vx;tx,0x) be a graph in Grphs. As H! is an equiv-
alence of categories, there exists Pp, Vp such that there are isomorphisms ¢p : H' (Pp) — Px

and ¢y : H'(Vp) — Vx. Then as H' is full, for o = ¢plexdy : H(Vp) — HY(Pp), there
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exists tp : Vp — Pp such that H 1(LD) = «. Furthermore, as « is a monomorphism and
H' is an equivalence of categories ¢p is a monomorphism. Again as H' is a full functor, for
v = wf,l(gﬁ;lxaﬁ‘_,l)@)((bp, there exists dp : Pp — VpxVp such that H'(dg) = ~.

We now show (Pp, Vp;tp,dp) is an object of Grphsp. First, consider
Axoy s H'(Vp) = VxxVx. Let a € HY(Vp), then Ay oy () = Ax (6 (a)) = (v (a)-dv(a)).
As (ovxov)bpH (Ap)(a) = (dvxev)¥p(Apa) = (¢pvxdv)(a-a) = (¢v(a)-dv(a), Axov =
(pvxdv)YpH (Ap) and 5 (¢ xdy ) Ax gy = H' (Ap).

Now consider ¥pH'(Opip): vpH (Optp) = vpH (Op)H' (1p) =
VoY (B Xy ) 0xdpdp txdy = YpYpt oy xéy )Oxixdy = vy ¢y xéy ) Axdy =
YpH'(Ap). As vp is an isomorphism and H'! a faithful functor, dptp = A, and
(Pp,Vp;tp,0p) is an object of Grphsp.

Finally we show that F'((Pp,Vp;tp,0p)) = (Px, Vx;tx,dx) by showing (¢p, ¢y ) is a mor-
phism in Grphs and is hence an isomorphism. As d)le(LD) = d)pgﬁl_;lLXgﬁV = 1x ¢y, and
(¢vxov)YpH' (9p) = (¢vxdv)Uptp (dy' xdy )xdp = dxp, (¢p,¢v) is a morphism.

Hence there exists a functor equivalence between Grphsp and Grphs. ]

Metatheorem 2. Let C be a locally small category such that:

(i) Cis a model of Axioms 1-12, Azxiom 13 (Grphs), and Azxiom 14 (Grphs).

(it) for every family {A;}jcs of objects in C there exists a product and a coproduct in C.

Then for D the full subcategory of discrete objects of C, D is a model of Lawvere’s axioms
for the category of sets, D is complete and C is equivalent to Grphsp (and thus equivalent

to Grphs).

We will first require three lemmas.
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Lemma 1. Let C be a locally small category such that:

(i) C is a model of Azioms 1-12.

(ii) for every family {A;}jcy of objects in C there exists a product and a coproduct in C.

Then if each member of a family of objects, A;, is discrete for i € I then Z A; is discrete.
i€l

Proof of Lemma 1. Let X = ZAZ-. Consider |X| with tx : |X| = X. As A, is discrete for
alli €I, and 1y, : A; = X aieelthe canonical injection morphisms, by Axiom 7 there exists
lta;| + Ai — | X| such that ta|ea,| = ta,.

As X is a coproduct and for all ¢ € I there are morphisms |c4,| : A; — |X|, by the universal
mapping property of coproduct there exists a unique ¢ : X — |X| such that for all i € I
lea,| = ¢ra,.

Hence txpra, = tx|ta,| = ta, for all i € I. However, as X : X — X is the unique morphism

such that X4, = ta,, tx¢ = X. Thus ¢ is a monomorphism and by Proposition 24, X is

discrete. O

Lemma 2. Let C be a locally small category such that:

(i) C is a model of Azioms 1-12.

(ii) for every family {A;}jcy of objects in C there exists a product and a coproduct in C.

Then given an object A in C, there exists a choice for Py prescribed by Axiom 11 such that
if v € V(Pa), then v corresponds to a vertex (i.e. v = 14|v| for some |v| € V(|A])), loop, or

edge of A.
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Proof of Lemma 2. If A = 0, then the result holds trivially. So suppose A % 0, and hence
V(Pa) # 0. Let vj : VJ — Py, VJ — V for j € J, be the collection of vertices of P4 such
that v; corresponds to a vertex, edge, or loop of A. Consider ZV] = X with injections
~ Jj€J

1V — X,

By Lemma 1, X is discrete as f/j is discrete for all j € J. By Proposition 2, v; : V] — Py is
a monomorphism for all j € J. Hence by the universal mapping property of coproduct, there
exists a unique u : X — P4 such that for all j € J, ui; = vj. As v; # v, for 5,k € J with
J # k, uij # uiy for j,k € J with j # k. Let ,y € V(X) with « # y. By Axiom 3, there exist
Vj and Vk such that x = szk = V@k =14, and y = YA/]z] = Vij = i;. We note that i, # i;, oth-
erwise using the universal mapping property of coproduct on a : ‘7] — E and the morphisms
b:V, — E foralll € J with [ # j, a and b the two vertices of E, yields (a+0b): X — E and
a=(a+0b)ij = (a+0b)ip = b a contradiction to Axiom 4. Thus ux = uij # uiy = uy and u is
injective on vertices. Then by Proposition 25, u is a monomorphism.

Then by Proposition 19, there exists discrete object X’ with monomorphism v’ : X/ — Py
such that P4 = X + X’ with injections v and u’. We will now show X satisfies the conditions
of Axiom 11 for A.

Now consider Vy = Z VM with injections ¢}, : V|v| — Vx for V = f/‘v‘. By Lemma 1,
lvleV(lA])
Vx is discrete, and as |v] : V], — |A] for all |v| € V(|A]), there exists a unique [ : Vx — [A]

such that Iy, = [v| for all [v| € V(]A|). Using a similar argument as the argument for u being
a monomorphism, [ is a monomorphism. Furthermore, as for every |v| € V(]A]), there is a
vj € V(P4) such that ¢tq|v| = vj, there is an i; € V(X) such that t4|v| = wi;. Hence by the
universal mapping property of coproduct, there exists r : Vx — X such that 7, = i; for
ij € V(X) such that ta|v| = uij. By a similar argument to u being a monomorphism r is a

monomorphism.
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Consider [ : Vx — |A|. By Axiom 5 there exists s : |A| — Vx such that Isl = 1. Aslisa
monomorphism, sl = Vx. Let |v[ € V(|A]). Consider vals|v|. tals|v] = talsly = tali) =
talv]. As ta is a monomorphism Is|v| = |v|. Then by the contrapositive of Proposition 18, as
Is|v] = |v] for all |v| € V(|A]), Is = |A|.

Define 0x = d4qu and tx : |A| — X by tx = rs (both r and s are monomorphisms hence
rs is a monomorphism). We now check the required properties of Axiom 11.

Let |v| € V(JA|) and consider dxtx|v| with i; € V(X) such that ri, = i;: Oxtx|v| =
Oaurslv| = daursly, = dauri,| = 0aui; = datalv| = Aylv]. Hence Oxix|v| = Aylv| for all
|v| € V((JA]). Then by the contrapositive to Proposition 18, dxtx = Ay.

Let (e1-e2) be an edge of A with incident vertices (|ejal-|esal). Then by Axiom 11, there
exists e € V(P4) such that dae = coeq(tw, |A|x|Al)(Jeral X |e2al). Then there exists i; € V(X)
such that ui; = e, and Oxi; = Jaui; = Jae = coeq(tw, |A| x |A|)(Jera| x |e2al). For another
other distinct edge (fi-f2) of A with corresponding f € V(P4), as e # f, for iy, € V(X) such
that uiy = f, uij = e # f = wiy, implies i; # iy.

Let ¢ be a loop of A incident to |fa|, then there exists a vertex ¢* € V(P4) such that
0al* = Ayllal and €* # 1allal. Thus there exists a i; € V(X) such that ui; = ¢*. As
vallal # 0%, ix|la|l = rs|lal = rsliyq = ri4e) = iy for iy € V(X) such that wiy = vallal.
Hence as wij = €* # 1alla] = wiy, i; # tx|la|. Furthermore Oxi; = 0qui; = 0al* = A 4|lal.

Hence X satisfies all the properties of Axiom 11. Then as P4 is a minimum such object,
there exists a monomorphism mq : P4 — X. However as u : X — P4 is a monomorphism, by

Proposition 17, | X| = Pjy. O

Lemma 3. Let C be a locally small category such that:

(i) Cis a model of Azioms 1-12.

(ii) for every family {A;}jcy of objects in C there exists a product and a coproduct in C.

Then given a morphism f: A — B in C, using the choices of P4 and Pp given in Lemma 2,

fp: Pa — Pp prescribed by Aziom 12 is unique.
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Proof of Lemma 3. Let P4 and Pp be chosen by Lemma 2. Then let gp, fp : P4 — Pp be
morphisms that satisfy the conditions of Axiom 12. If gp # fp then by Proposition 18, there
exists a vertex v € V(P4) such that gpv # fpv. However, by Lemma 2, v corresponds to a
vertex, loop, or edge of A.

Suppose first that v corresponds to a vertex, that is v = v4|v| for some |v| € V(|A]). Then
as |f| is unique, fpralv| = tp|f||v] = gpralv] and fpv = gpv a contradiction.

Next suppose v corresponds to a loop £ of A. If fv is a loop, j, of B, then by Axiom 12
fpv = fj* = gpv for j* the corresponding vertex of Pg, a contradiction. If fv is a constant
vertex morphism with vertex = in B such that f¢ = :BVE, then fpv = plz| = gpv for |z| the
unique vertex of |B| such that = = tg|z|, a contradiction.

Finally suppose v corresponds to an edge (ej_es) of A. If (fe1_feq) is an edge of B, then for
fe € V(Pg) the corresponding vertex, fpv = fe = gpe, a contradiction. If fe; is a loop of B,
then for fej € V(Pp) the corresponding vertex, fpv = fe] = gpv a contradiction. Finally if
fe1 is a constant vertex morphism with z € V(B) such that fe; = xVE, fpv = plx| = gpv
for |z| the unique vertex of V(|B]) such that x = |z|tp, a contradiction. Thus fp = gp and

the morphism is unique. ]

We now proceed with the proof of the metatheorem.

Proof of Metatheorem 2. Let D be the full subcategory of discrete objects of C. By Theorem
Schema 1, D is a model for the elementary axioms of Lawvere’s system of sets. Since C has
arbitrary products and | — | :C~— D is product preserving, D has arbitrary products. By
Lemma 1, D has arbitrary coproducts. Hence D is complete.

Define F' :C~—Grphsp on objects A by F(A) = (Pa,|A|;ta,04) for |A] prescribed by
Axiom 7 and Pga,t4, and 04 chosen by Lemma 2, and on morphisms f: A — B by
F(f) = (fp,|f]) for fp chosen by Lemma 3, and |f| the unique morphism such that ft4 =

tglf|. We show F' is a functor.
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By Axiom 11, F(A) = (Pa,|Al;t4,04) is such that data = Ay, and tq : |A] — Py is
a monomorphism. Hence F(A) is an object of Grphsp, and by Axiom 12 and Lemma 3,
F(f) = (fp,|f1) is well defined, fpea = epf|, and 95 fp = (If|x|f)0a. Hence (fp,|f]) is a
morphism of Grphsp.

Consider A : A — A. Let F(A) = (f,g), for f : Py — P4 and g : |A| — |A|. Then
as the morphism f that satisfies Axiom 12 is unique by Lemma 3, the morphism g is
unique by Axiom 7, and P4 : P4 — P4 and |A| : |A] — |A] satisfy the axioms, f = Pj,
g = |A| and identities are preserved. Now let f : A — B and g : B — C in C. Then
F(9)F(f) = (9. lg)(fr, £) = (gpfp,Igllf]) and as the choices of gp, fp|gl and |f| are
unique, F(9)F(f) = (grfp.19llf) = ((9f)p.|9f]) = F(gf). Hence F' is a functor.

Now define G :Grphsp ~—C by G((Pa,Va;7a,04)) = A for A prescribed by Axiom 13
(Grphs), and for (fp, fv) : (Pa,Va;74,94) — (Pp,Vs;75,08), G((fp,fv)) =g+ A= B
the unique morphism prescribed by Axiom 14 (Grphs) for A = G((Pa,Va;7a,04)), B =
G((Pp,VB;1B,08)), Y5 fra : Pa — Pp, and ¢5' fyéa : |A] = [B|. We show G is a func-
tor.

Clearly G((Pa, Va;ta,04)) is an object of C and G((fp, fv)) is a morphism of C. As the
morphism prescribed by Axiom 14 (Grphs) is unique, identities are trivially preserved. Let
(fps fv) : (Pa,Va;ta,04) — (Pp,VB;ip,0p) and
(hp,hv) ¢ (P, Vg;ig,08) — (Pc,Voiic,0c). Then G((hp,hv))G((fp, fv)) = kg for k :
B — C formed from ;' hpip : Pg — Po with ¢ hyep : |B| — |C| and g : A — B formed
from 5! fpia : Pa — Pp with ¢ fuda : |A| — |B|. Then gp = 95" frioa, l9] = ¢5' fvda,
kp = 1/151hp1/13 and |k| = ¢5'hv¢p. By Lemma 3, gp and kp are unique. Then as
Vo hpYpYy! fpa = Yo hpfpa : Pa — Po and ¢5' hyopdy' fuda = oo hy froa : |Al —
|C|, by Axiom 14 (Grphs) there exists a unique morphism A — C formed from walh pfpa
and ¢ hy fyga, however kg is such a morphism. Hence G((hp,hv))G((fp, fv)) = kg =
G((hp,hv)(fp, fv)) = G((hpfp,hy fv)) and G is a functor.
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We now will show that F' and G form a functor equivalence. Consider
FG((Pa,Va;74,04)) = F(A) = (Pa,|Al;14,04) with isomorphisms (in C) ¢4 : Pa — Pa
and ¢4 : |A| — V4 such that Tags = tatha and (paxpa)0a = Oatba. By definition (¢4, pa)
is a morphism in Grphsp. We show this is a natural isomorphism.

Given (fp, fv) : (Pa,Va;7a,04) — (Pg, Vgi15,9p), FG((fp, fv))
= (gp,|g|) : (Pa,|Al;t4,04) — (P, |B|;tB,0p) with isomorphisms
(¥4, ¢4) : (Pa,|Al;14,04) — (Pa, Va;7a,94) and
(YB,¢B) : (Pp,|Bl;tp,d8) — (Pp,Vp;15,0p). By Axiom 14 (Grphs), gp = ¢5' fpa and
lgl = ¢5' fyda. Hence ¢pgp = fpa and ¢plg| = fyéa. Therefore (¢, d5)(gp,|g]) =
(fp, fv)(¥a, pa) and there is a natural isomorphism F'G =Grphsp.

Now consider GF'(A) = G((Pa, |Al;t4,04)) = A’ such that there are isomorphisms (in C)
ar: Py — Py and ¢u : |A| = |A| such that taga = tatpar and (Qparxpar)0a = Oathar.
By Proposition 26 (Grphs) there is an isomorphism 4/ : A” — A such that y4/, = 14 and
|747| = ¢ar. We show this is a natural isomorphism.

Let f : A — B, then GF(f) = g: A’ — B’ such that gp = ¢35/ fpYoar and |g| = ¢3! frdar.
Hence Yprgp = fpbar and ¢pr|g| = fydar. Therefore, as the morphism prescribed by Axiom

14 (Grphs) is unique, v5'g = fv4 and there is a natural isomorphism GF =C ]

Metatheorem 3. Let D be any locally small category such that D is a model of Lawvere’s
system of axioms for the category of sets. If D is complete then SiGrphsp is equivalent to

SiGrphs.

Proof. We begin by defining F' :SiGrphsp ~—SiGrphs as in the proof of Metatheorem 1.
We must only show that F'((P4, Va;ta,04)) is a simple graph and the rest of the proof follows
exactly as in the proof of Metatheorem 1.

Let x,y € HY(Pa)\Im(H'(14)) such that = # y. Then as x,y € H'(Pa)\Im(H' (1)),
for v € H'(V4) (note H'(V4) = homp(1,V4)), tav # = and t4v # y. Hence dax # Oay
by the simple restriction. As H' is faithful and 14 is an isomorphism (and hence a

monomorphism) Y4 H(da)x # aH'(0,)y. Hence no two edges share the same incidence
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and F((P4,Va;ta,04)) is a simple graph. O

Metatheorem 4. Let C be a locally small category such that:

(i) C is a model of Azioms 1-12, Aziom 13 (SiGrphs), Aziom 14 (Grphs) and Aziom 15
(SiGrphs).

(it) for every family {A;}jcy of objects in C there exists a product and a coproduct in C.

Then for D the full subcategory of discrete objects of C, D is a model of Lawvere’s axioms for
the category of sets, D is complete and C is equivalent to SiGrphsp (and thus equivalent to
SiGrphs).

Proof. As Axioms 1-12 apply, so do Lemmas 1-3. Let D be the full subcategory of discrete
objects of C. By Theorem Schema 1, D is a model for the elementary axioms of Lawvere’s
system of sets. Since C has arbitrary products and | — | :C~— D is product preserving, D
has arbitrary products. By Lemma 1, D has arbitrary coproducts. Hence D is complete.

Define F' :C~—SiGrphsp on objects A by F(A) = (Pa,|Al;t4,04) for |A| prescribed by
Axiom 7, Pa,t4, and 04 chosen by Lemma 2, and for f: A — B F(f) = (fp,|f|) for fp the
unique morphism guaranteed by Lemma 3 and | f| the unique morphism such that ft4 = tp|f|.

By Axiom 11, F'(A) = (Pa,|A|;t4,04) has 14 a monomorphism and data = Ay. We now
show (P4, |Al;t4,04) satisfies the simple restriction.

Suppose there exists a,b : 1 — P4 (in D) such that for all v : 1 — |A| a # tav, b # 140,
and 0qa = 0ab. Then by Lemma 2, a corresponds to a vertex, loop, or edge of A and b
corresponds to a vertex, loop, or edge A. As a # t4v and b # 14v, a and b are not vertices.
Hence a corresponds to an edge or a loop of A and b corresponds to an edge or loop of A.
Hence by Axiom 15 (SiGrphs) a = b. Thus F(A) is an object of SiGrphsp.

The fact F'is a functor now follows from the proof given for F' in Metatheorem 2. Now define

G :SiGrphsp ~—C by G((Pa,Va;7a,04)) = A for A prescribed by Axiom 13 (SiGrphs)
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and for (fp, fv) : (Pa,Va;ta,04) — (Pp,Vs;i5,0p) define G((fp,fv)) = g : A - B
the unique morphism prescribed by Axiom 14 (Grphs) for A = G((Pa, Va;714,04)), B =
G((Pp,Vp;15,0B)), V5 fpa : Pa — Pp, and ¢5' fuda : Va4 — Pp. We note that
G((Pa,Va;ta,04)) = A is an object in C. Then the rest of the proof for the Metatheorem

follows exactly as the proof in Metatheorem 2. O

Metatheorem 5. Let D be any locally small category such that D is a model of Lawvere’s
system of axioms for the category of sets. If D is complete then SiLIGrphsp is equivalent to
SiLIGrphs.

Proof. We define F' :SiL1Grphsp ~—SiL1Grphs as in the proof of Metatheorem 1. We
must only show that F'((Pa,Va;ta,04)) is a loopless graph, as the proof of Metatheorem 3
establishes that it is a simple graph. Then the proof from Metatheorem 1 applies.

So let a € H'(P4)\Im(t4). Then for all v : 1 — Vy4, t4v # a. Thus by the loopless re-
striction for all z : 1 — V4, Az # dga. We note that H'(a) : homp(1,1) — homp(1, Py)
by 1~ al = a. Hence H'(a)1 = a. Similarly, H'(2)1 = 2. Then as H' is faithful, ¢4 an iso-
morphism (and hence a monomorphism) and 1 : 1 — 1 is an epimorphism, Y4 H'(94)a =
SaH O H @)1 = vaH' (040)1 £ G4l (Bao)l = aH' (ANH @) = GaH (A L),
Hence for all y € H'(Va), y : 1 = Vi and paH' (0a)a # vaH' (Ap)y = Amiayy = (y-y)

Thus each edge is incident to two distinct vertices and F((Pa, Va;ta,04)) is loopless. O
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Metatheorem 6. Let C be a locally small category such that:

(i) C is a model of Azioms 1-12, Aziom 13 (SiLIGrphs), Aziom 14 (Grphs), Aziom 15
(SiGrphs), and Aziom 16 (SiLIGrphs).

(it) for every family {A;}jcs of objects in C there exists a product and a coproduct in C.

Then for D the full subcategory of discrete objects of C, D is a model of Lawvere’s axioms for
the category of sets, D is complete and C' is equivalent to SiLIGrphsp (and thus equivalent
to SiLlGrphs).

Proof. As Axioms 1-12 apply, so do Lemmas 1-3. Let D be the full subcategory of discrete
objects of C. By Theorem Schema 1, D is a model for the elementary axioms of Lawvere’s
system of sets. Since C has arbitrary products and | — | :C~— D is product preserving, D
has arbitrary products. By Lemma 1, D has arbitrary coproducts. Hence D is complete.

Define F' :C~—SiL1Grphsp on objects A by F(A) = (Pa,|Al;t4,04) for |A| prescribed
by Axiom 7, P4,t4, and 94 chosen by Lemma 2, and for f : A — B F(f) = (fp,|f|) for
fp the unique morphism guaranteed by Lemma 3 and |f| the unique morphism such that
fta=tslf|.

By Axiom 11, F(A) = (Pa,|A|;t4,04) has t4 a monomorphism and d4tq4 = Ay. As
in the proof of Metatheorem 4, Axiom 15 (SiGrphs) guarantees F'(A) satisfies the simple
restriction. We show F(A) satisfies the loopless restriction.

Suppose there exists a : 1 — P, (in D) such that for all v : 1 — |A| a # tqv. Then by
Lemma 2 a corresponds to a vertex, edge, or loop of A. As a # tqv for all v € |A|, a does
not correspond to a vertex. Furthermore by Axiom 16 (SiLIGrphs), a cannot correspond
to a loop. Hence a corresponds to an edge, and by Axiom 16 (SiL1Grphs) a # A 4y for all
y € V(JA|). Thus F(A) is an object of SiLIGrphsp.

The fact F is a functor now follows from the proof given for F' in Metatheorem 2. Now

define G :SiL1Grphsp ~—C by G((Pa,Va;74,04)) = A for A prescribed by Axiom 13
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(SiLIGrphs) and for (fp, fv) : (Pa,Va;7a,0a) — (Pg,Vs;15,9p) define G((fp, fv)) = ¢ :
A — B the unique morphism prescribed by Axiom 14 (Grphs) for A = G((Pa, Va;14,04)),
B = G((Pg,Vp;TB,08)), ¥5'fpoa : Pa — Pp, and ¢5' fyda : Va — Pp. We note that
G((Pa,Va;ta,04)) = A is an object in C. Then the rest of the proof for the Metatheorem

follows exactly as the proof in Metatheorem 2. O

Metatheorem 7. Let D be any locally small category such that D is a model of Lawvere’s
system of axioms for the category of sets. If D is complete then StGrphsp is equivalent to
StGrphs.

Proof. We define F' :StGrphsp ~—StGrphs as in the proof of Metatheorem 1. We must
only show that F((fp, fy)) is a strict graph morphism for (fp, fv) : (Pa,Va;ta,04) —
(Pg,Vp;tp,0p). Then the proof of Metatheorem 1 applies (as isomorphisms are trivially
strict).

So consider F((fp, fv)) = (H'(fp), H'(fy)). Let a € H'(P4)\Im(t4). Then forall v : 1 —
Va, a # tav. Hence by the strict restriction fpa # gz for all z : 1 — V. As H' is faithful
and 1 :1 — 1 is an epimorphism, H'(fp)a = H'(fp)H ()l = H'(fpa)l # H'(1pz)l =
H'(1p)H'(x)1 = H'(1p)x. Hence for all y € Vg, y : 1 — Vg and H'(13)y # H'(fp)a. Hence
H'(fp)(a) € P\Im(tp) and (fp, fv) is a strict morphism. O

Metatheorem 8. Let C be a locally small category such that:

(i) C is a model of Azxioms 1-12, Axiom 13 (Grphs), Azxiom 1/ (StGrphs), and Aziom
16 (StGrphs).

(it) for every family {A;}jcy of objects in C there exists a product and a coproduct in C.
Then for D the full subcategory of discrete objects of C, D is a model of Lawvere’s axioms for

the category of sets, D is complete and C' is equivalent to StGrphsp (and thus equivalent to
StGrphs).
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Proof. As Axioms 1-12 apply, so do Lemmas 1-3. Let D be the full subcategory of discrete
objects of C. By Theorem Schema 1, D is a model for the elementary axioms of Lawvere’s
system of sets. Since C has arbitrary products and | — | :C~— D is product preserving, D
has arbitrary products. By Lemma 1, D has arbitrary coproducts. Hence D is complete.

Define F' :C~—StGrphsp on objects A by F(A) = (Pa,|A|;t4,04) for |A| prescribed
by Axiom 7, Pa,ta, and 04 chosen by Lemma 2, and for f : A — B F(f) = (fp,|f|) for
fp the unique morphism guaranteed by Lemma 3 and |f| the unique morphism such that
fta =tg|f]. By the proof of Metatheorem 2, F'(A) is an object of StGrphsp. We show that
for f: A— B, F(f) = (fp,|f]) is @ morphism of StGrphsp.

By Axiom 12 and Lemma 3, F(f) = (fp,|f|) is well defined, fpta = tp|f|, and Opfp =
(|f1x|f])04. We show it satisfies the strict restriction. Let 2z € V(P4) be such that for all
v € V(|A]), tav # x, then by Axiom 16 (StGrphs) (py # fpx for all y € V(|B]). It follows
from the proof of Metatheorem 2 that F' is a functor.

Now define G :StGrphsp ~—C by G((Pa, Va;74,04)) = A for A prescribed by Axiom 13
(Grphs) and for (fp, fv) : (Pa,Va;7a,04) — (Pg, Vp;1g,0p) define G((fp, fv)) =g: A —
B the unique morphism prescribed by Axiom 14 (StGrphs) for A = G((Pa, Va;7a,04)),
B = G((Pp,VB;75,08)), Y5 fptha : Pa — Pp, and ¢5'fyga : Va — Pp. We note that
G((Pa,Va;Ta,04)) = A is an object in C. Then the rest of the proof for the Metatheorem

follows exactly as the proof in Metatheorem 2. O

Metatheorem 9. Let D be any locally small category such that D is a model of Lawvere’s
system of axioms for the category of sets. If D is complete then SiStGrphsp is equivalent to
SiStGrphs.

Proof. Define F' :SiStGrphsp ~—SiStGrphs as in the proof of Metatheorem 1. By the proof
of Metatheorem 3, F'((Pa,Va;t4,04)) is a simple graph, and by the proof of metatheorem 7,
for (fp, fv) a morphism of SiStGrphsp, F((fp, fi)) is a strict morphism. Hence the rest of

the proof follows similarly to the proof of Metatheorem 1. O
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Metatheorem 10. Let C be a locally small category such that:

(i) C is a model of Azioms 1-12, Aziom 13 (SiGrphs), Aziom 14 (StGrphs), Aziom 15
(SiGrphs), and Aziom 16 (StGrphs).

(it) for every family {A;}jcs of objects in C there exists a product and a coproduct in C.

Then for D the full subcategory of discrete objects of C, D is a model of Lawvere’s axioms for
the category of sets, D is complete and C is equivalent to SiStGrphsp (and thus equivalent
to SiStGrphs).

Proof. As Axioms 1-12 apply, so do Lemmas 1-3. Let D be the full subcategory of discrete
objects of C. By Theorem Schema 1, D is a model for the elementary axioms of Lawvere’s
system of sets. Since C has arbitrary products and | — | :C~— D is product preserving, D
has arbitrary products. By Lemma 1, D has arbitrary coproducts. Hence D is complete.

Define F' :C~—SiStGrphsp on objects A by F(A) = (Pa,|A|;ta,04) for |A| prescribed
by Axiom 7, Pa,ta, and 04 chosen by Lemma 2, and for f : A — B F(f) = (fp,|f|) for
fp the unique morphism guaranteed by Lemma 3 and |f| the unique morphism such that
fta =tglf|. F(A) is an object of SiStGrphsp by the proof of Metatheorem 4, and F(f) is
a morphism of SiStGrphsp by the proof of Metatheorem 8. F' is a functor by the proof of
Metatheorem 2.

Now define G :StGrphsp ~—C by G((Pa,Va;ia,04)) = A for A prescribed by Axiom
13 (SiGrphs) and for (fp, fv) : (Pa, Va; 72, 04) — (Pp, Vis; 15, 0) define G((fp, fv) = g
A — B the unique morphism prescribed by Axiom 14 (StGrphs) for A = G((Pa, Va;7a,04)),
B = G((Pp,VB;15,08)), Y5 fptha : Pa — Pp, and ¢5'fvga : Va — Pp. We note that
G((Pa,Va;Ta,04)) = A is an object in C. Then the rest of the proof for the Metatheorem

follows exactly as the proof in Metatheorem 2. O



Chapter 5

An Application to Graph Theory

5.1 A Result Toward Hedetniemi’s Conjecture

We give an application of the study of the categories of graphs to graph theory. In 1966,
Hedetniemi conjectured that the chromatic number of the categorial product of two graphs
with finite chromatic number is the minimum chromatic number of the two graphs. In 1985,
A. Hajnal found graphs requiring an uncountable color set to provide a proper vertex coloring
whose product only required a countable color set [12]. Hedetniemi’s original conjecture

remains open today.

Conjecture 5.1.1. [13] Given graphs G and H with x(G) < oo and x(H) < oo, x(Gx H) =
min{x(G), x(H)}.

This conjecture has since produced much research [14, 22,24, 28] focused primarily on the

following restatement in SiStGrphs.

Conjecture 5.1.2. [24] For all finite cardinals k, (G /4 K, NH /A K, = G x H /4 K,).
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The equivalence of these two statements comes from the following elementary result about

strict morphisms.

Proposition 5.1.3. [14] If G — K,, then x(G) < n.

Another immediate result of this proposition is the following.

Proposition 5.1.4. [14] If G — H then x(G) < x(H).

With this proposition, using projections and composition, it is trivial to see that x(Gx H) <
min{x(G), x(H)}, the conjecture proposes the equality.
In SiStGrphs, we establish the following special case of Hedetiemi’s conjecture directly

without need for the restatement. Recall that a clique is a complete subgraph [4].

Theorem 5.1.5. If A or B contains a min{x(A), x(B)}-clique, then x(AxB) = min{x(A), x(B)}.

This result is in a similar flavor of the following two results.
Theorem 5.1.6. [6] Let G be a graph such that every vertex of G is in an n-clique. For every
graph H, if x(G x H) =n then min{x(G), x(H)} = n.

Theorem 5.1.7. [9,26] Let G and H be connected graphs containing n-cliques. If x(Gx H) =

n, then min{x(G), x(H)} = n.

We will first need an observation and lemma before the proof of Theorem 5.1.5.

Observation 5.1.8. If x(A) = k, then the subgraph A" created by deleting all vertices of one

color class has x(A") =k — 1.

Proof. As the k-coloring of A is a (k — 1)-coloring of A’, x(A’) < k — 1. Suppose that there
is a l-coloring of A" with [ < k — 1. Then as the vertices deleted from A are from the same
color class, using the [ colors of A’ and the single color class that was deleted, we achieve a

I+ 1 < k coloring of A, a contradiction. O
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Lemma 5.1.9. If x(A) =k, then x(A x Ki) = k.

Proof. We proceed by induction on x(A) on: “If x(A) = k, then there is a monomorphism

j:A— Ax K. If this result is established, so is the lemma.

The base case, k = 1, is trivial. So suppose that k > 1 and the result holds for all graphs,
B, with x(B) =k — 1.

Let A’ be the subgraph of A formed by deleting the vertices of one color class of A. Then
by the previous observation y(A’) = k — 1. Hence by L.H. there is a monomorphism j :
A" — A’ x Kj_;. Then there is a monomorphism A’ >L>A' x Kj_1 ST A K, ,
where g : A’ < A and m : K,_; — K, are inclusion morphisms. So we “lift” j. Define
j:A— Ax Ky, by j(a) = j(a) if a € P(A") C P(A), j(a) = (a,u) for a € V(A)\V(4’) and
u the single vertex of V (Kj)\V (Kx_1).

We show that for any edge e € E(A) with d4(e) = (a-b) for a € V(A)\V(A’), then there is
an edge of A x K}, between (a,u) and j(b) (b € V(A’) as no edges exist between members of
the color class of a). As u is adjacent to every other vertex of Ky, and g, ,j(b) € V(Kg_1),
there is an edge € € E(K}) with 9k, (¢') = (u-mk,_,j(b)). Hence, for each edge e € E(A)
incident to a, there is the required edge (e,€’) in A x Kj. So we define j(e) = (e, e’). Hence

7 preserves incidence and is a monomorphism. O
Now we proceed with the proof of Theorem 5.1.5.

Proof of Theorem 5.1.5. As x(A x B) < min{x(A4), x(B)}, it suffices to establish x(A x B) >
min{x(A), x(B)}. Without loss of generality let x(A) < x(B). Set k = min{x(A), x(B)}. If
B contains the k-clique, then by the previous lemma, x(A x Ki) = k and A x K}, is a subgraph
of A x B. Hence x(A x B) > k. If A contains the k-clique, then create B’ a subgraph of B

by deleting vertices of x(B) — k color classes. Then y(B’) = k and by the previous lemma
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X(Ki x B") = k. As Kj, x B" is a subgraph of A x B, x(A x B) > k. O



Chapter 6

Further Directions

In Chapter 4, we provided an Elementary Theory for the Categories of Graphs, and in doing
so supplied a sufficient list of axioms to characterize five categories of graphs. However, this
list may not be necessary.

One way of showing an axiom is independent is to remove the axiom and find multiple
models that satisfy the remaining axioms. This was done to show Euclid’s parallel postulate
was independent. For example, as both Grphs and SiGrphs satisfy Axioms 1-12 and Axiom
14 (Grphs), Axiom 13 (Grphs) is independent from Axioms 1-12 and Axiom 14 (Grphs).
Hence a direction of future research is to either show the axioms are independent, or find and
remove dependences to produce a necessary and sufficient list.

Another future direction of research is to develop an Elementary Theory of the Category of
Simple and Loopless Graphs with Strict Morphisms. As finite limits and colimits fail to exist,
as well as most “quotient” objects, much of the theory presented in Chapter 4 does not apply
to SiL1StGrphs. However, SiLIStGrphs does contain a full subcategory of Sets, a vertex
object, and an edge object.

We have been focused on undirected graphs, but using similar restrictions on objects

and morphisms we can define six categories of directed graphs, DiGrphs, SiDiGrphs,
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SiLIDiGrphs, StDiGrphs, SiStDiGrphs, and SiLIStDiGrphs, where strict directed graph
morphisms must map arcs to arcs, and simple directed graphs must have at most one arc in-
cident to any pair of, not necessarily distinct, nodes.

DiGrphs has been the focus of much study in Category Theory, as transitively closed di-
rected graphs form diagram categories, and most categorial constructions can be viewed in
terms of directed graphs. Most textbooks in Category Theory include sections or chapters
on directed graphs [1,3,19]. Furthermore DiGrphs is a topos by the Fundamental Theorem
of Topoi [11] as DiGrphs can be viewed as a functor category from the diagram category
% to Sets [3].

Many of the constructions created in our Elementary Theory of the Categories of Graphs
also apply to directed graphs. For example, the vertex object (Chapter 4, Axiom 2) also
serves as a node object in the categories of directed graphs. The arc-edge object (Chapter
4, Definition 6) can be used to determine the arcs of an object in the categories of directed

graphs. Another direction of further research would be to extend an Elementary Theory of

the Categories of Graphs to an Elementary Theory of the Categories of Directed Graphs.
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